
Contents

P reface xi

P reface to  th e  2u d  ed itio n  xv

N otation al conventions xv ii

1 P relim inary general m ateria l 1
1-1 F unctional a n a ly s i s ................................................................................................... 1

1.1.1 N om ied  sp aces, B anach  sp aces, loca lly  con vex  sp a ces . . . .  !
1.1.2 F un ction s and m appings on  B an ach  sp aces, d u al sp a ces . .  :i
1.1.3 C onvex s e t s ............................................................................................  <>
1.1.4 C o m p a c t n e s s ........................................................................................  7
1.1.5 F ixed-p oin t theorem s .............................................................................. 8

1.2 F unction s p a c e s ..........................................................................................................  8
1.2.1 C on tinuous an d  sm o o th  fu n c t io n s ............................................... !)
1.2 .2  L ebesgue in tegrah le  f u n c t io n s ......................................................  10
1.2.3 S ob o lev  s p a c e s ..................................................................................... 14

1.3 N em ytsk il m a p p i n g s ...............................................................................................  10
1.4 G reen  form ula an d  so m e  in e q u a l it i e s .............................................................  20
1 -5 B ochner s p a c e s ..........................................................................................................  22
1.6 S om e ordinary d ifferential e q u a t i o n s ............................................................  25

1 STEADY-STATE PROBLEM S 29

2 P seu d om ou oton e or  w eakly  continuous m appings 31
2.1 A b stract theory, basic defin ition s, G alerkin m e t h o d ................................  31
2 .2  Som e facts ab ou t p seu d om on oton e m a p p i n g s ..........................................  35
2 .3  E q u ations w ith  m on o to n e  m a p p i n g s .............................................................  37
2 .4  Q uasilinear e llip tic  e q u a t i o n s ............................................................................  42

2.4.1 B oundary-value p rob lem s for 2nd-order e q u a tio n s ............. 43
2.4 .2  W eak form ulation  .....................................................................................  44
2 .4 .3  P seu d om on oton ic ity , coerciv ity , ex isten ce  o f  so lu tio n s . . .  48

vii



v i i i  Contents

2.4.4  H igher-order e q u a tio n s ..................................................................... 56
2 .5  W eakly con tinu ou s m appings, sem ilinear e q u a t io n s ................................ 61
2.6  E xam p les and exercises ......................................................................................  64

2.6.1 G eneral t o o l s ..............................................................................................  64
2 .6 .2  Sem ilinear h eat eq u ation  o f  ty p e  —d iv (A (x ,u )V u )  =  g  . . .  68
2 .6 .3  Q uasilinear eq u ation s o f  t y p e - d i v ( |V u |p 2V u ) + c (w ,V u ) = g  75

2.7  E xcursion  to  regularity for scm ilincar e q u a t io n s ......................................  85
2 .8  B ib liographical r e m a r k s ......................................................................................  92

3  A ccretive  m appings 95
3 .1 A b stract t h e o r y .......................................................................................................... 95
3 .2  A p p lica tion s to  boim dary-value problem s .................................................  99

3.2.1 D u ality  m appings in  L ebesgue and S ob olev  s p a c e s .................  99
3 .2 .2  A ccretiv ity  o f  m onoton e quasilinear m a p p in g s .................................101
3 .2 .3  A ccretiv ity  o f  h ea t e q u a t io n ...................................................................... 105
3 .2 .4  A ccretiv ity  o f  so m e  other  boundary-value p r o b le m s 108
3 .2 .5  E xcursion  to  eq u ation s w ith  m easures in righ t-hand  sid es . 109

3 .3  E xercises ......................................................................................................................... 112
3 .4 B ib liographical r e m a r k s ........................................................................................... 114

4  P oten tia l problem s: sm o o th  case 115
4.1 A b stract t h e o r y .....................................................................................................115
4 .2 A pplication  to  boundary-value p r o b le m s ................................................ 120
4 .3  E xam p les an d  exerc ises ...........................................................................................126
4.4 B ib liographical r e m a r k s ................................................................................  130

5  N on sm ooth  problem s; variational inequalities 133
5.1 A b stract inclusions w ith  a  p o ten tia l ................................................................ 133
5 .2  A p p lication  to  e llip tic  variational in e q u a l it i e s ................................... 137
5 .3  S o m e  ab stra ct n on -p oten tia l in c lu s io n s .................................................  145
5.4 E xcursion  to  quasi variational inequalities ................................................  154
5.5 E xercises ........................................................................................................................ 157
5 .6  S om e ap p lication s to  free-boundary p r o b le m s .....................................163

5.6.1 P orous m ed ia  flow: a  p otentia l variational in eq u ality  . . . .  163
5 .6 .2  C ontinuous casting: a n o n -p o te n tia l variational inequality  . 166

5 .7  B ib liographical r e m a r k s .................................................................................. 169

fi S y stem s o f  equations: particidar exam p les 171
6.1 M in im ization -typ e variational m ethod: p o lycon vex  functionals . . . 171
6.2  B uoyancy-driven  v iscous f l o w ...................................................................... 178
6 .3  R eaction-d iffusion  s y s t e m .............................................................................. 186
6.4  T h e r m is t o r ............................................................................................................ 188
6.5  S e m ic o n d u c to r s .................................................................................................... 192



Contents  ix

I I  E V O L U T I O N  P R O B L E M S  1 9 9

7  Specia l au xiliary  to o ls  201
7.1 S ob o lev-B och n er sp a ce  ІѴІ,Р’Я(І;  V j, Ѵ г ) ....................................................... 201
7.2  G elfand  trip le , em b ed din g  W 1,p'p ( I ; V , V ‘) c C l I ; f f ) .............................20-4
7.3  A ubin-I.ions le m m a ..................................................................................................... 207

8 E volu tion  by pscu d om ou oton e or  w eakly continuous m appiugs 213
8.1 A bstract in itia l-value p r o b le m s ...........................................................................213
8.2  R o th e  m e th o d .................................................................................................................215
8 .3  Further e s t im a t e s ......................................................................................................... 230
8 .4  G alerkin m e t h o d ......................................................................................................... 240
8 .5  U niqueness an d  co n tin u ou s d ep en d en t*  on  d a t a .........................................247
8.6 A p p lication  to  quasi linear p arabolic e q u a tio n s .............................................251
8.7 A pplication  t o  sem ilinear parabolic e q u a t i o n s .............................................261
8 .8  E xam ples and exerc ises .......................................................................................... 264

8 .8 .1  G eneral t o o l s ................................................................................................... 264
8 .8 .2  P arab o lic  eq u a tio n  o f  ty p e  g j U -d iv ( |V u |p -2 V u ) + c (u ) = g  . 266
8 .8 .3  Sem ilinear h eat eq u ation  c ( u ) | j u  — d iv (« (u )V u )  =  g  . . . .  277
8 .8 .4  N avier-S tokes equation  $ w + ( U 'V )u —A ti+ V ir = ib  d iv u = 0  . 279
8 .8 .5  S om e m ore e x e r c i s e s .................................................................................... 282

8 .9  G lobal in on oton icity  approach , p eriod ic p r o b le m s ..................................... 288
8.10 P rob lem s w ith  a  convex p otentia l: d irect m e t h o d ..................................... 294
8.11 B ib liograph ical r e m a r k s .......................................................................................... 300

9 Evolution  governed  b y  accre tiv e  m appings 303
9.1 Strong s o lu t io n s ..........................................................................  303
9.2 Integral s o lu t io n s ..........................................................................................................308
9.3 E xcursion  to  nonlinear s e m ig r o u p s ....................................................................314
9.4 A p p lication s to  in itia l-b o im d ary-va lue  p r o b le m s .........................................319
9.5 A p p lication s to  som e s y s t e m s ............................................................................... 326
9 .6  B ib liograph ical r e m a r k s .......................................................................................... 332

10 E volution  governed  by certa in  set-valued  m appings 335
10.1 A b stra ct problem s: stron g  s o lu t io n s .....................................................................335
10.2 A b stract problem s: w eak s o l u t i o n s .....................................................................339
10.3 E xam p les o f  un ilateral parabolic p r o b le m s ............................................. 343
10.4 B ib liographical r e m a r k s ................................................................................... 3 49

11 B oubly-non linear prob lem s 351
11.1 Inclusions o f  th e  ty p e  д ’Ф ( ^ и )  +  дФ( и)  Э / ....................................... 351

11.1.1 P oten tia l Ф valued  in  R U  { + 0 0 } .............................................................351
11.1.2 P oten tia l Ф valued  in K u  { + o c } ..........................................................358
11.1.3 U niqueness an d  con tinu ou s dep en d en ce on  d a t a ........................... 366



x  Contents

11.2  Inclusions o f  tlie  typo щ Е (и )  +  дФ(и) Э / ..................................................... 367
11.2.1 T h e  ease E  :=  д Ф ........................................................................................... 368
11 .2 .2  T h e  ca se  £  n o n - p o t e n t ia l ........................................................................372
11 .2 .3  U n iq u e n e s s ...................................................................................................... 375

11.3 2nd-order eq u ation s ..................................................................................................377
11.4 E xercises ......................................................................................................................... 385
11.5 B ib liograph ical rem arks . . .  ............................................................................390

12 S ystem s o f  equations: particu lar exam p les 393
12.1 T h er m o -v isco -e la stic ity .............................................................................................. 393
12.2 B uoyancy-driven  viscous f l o w ............................................................................... 405
12.3 Predator-prey sy stem  .............................................................................................. 408
12.4 S e m ic o n d u c to r s ............................................................................................................. 412
12.5 Phase-H eld m o d e l ..........................................................................................................416
12.6 N avicr-S tokes-N ernst-P lanck-P oisson-type s y s t e m ...................................... 420
12.7 T herm istor w ith  ed d y  c u r r e n t s ............................................................................426
12.8 T herm od yn am ics o f  m agnetic  m a t e r i a l s .........................................................432
12.9 T herm o-visco-elasticity: fully  nonlinear th e o r y ..............................................4 38

B ib liography 449

Index 469


