
Contents

1 I n t r o d u c t io n ....................................................................................................................  1
1.1 T he O rig ins o f  M athem atica l L o g i c .........................................................  1
1.2 P ropositional L o g i c .......................................................................................  2
1.3 F irst-O rder L og ic  ........................................................................................... 3
1.4 M odal and T em poral L o g ic s ........................................................................  4
1.5 P rogram  V e rif ic a tio n .......................................................................................  5
1.6 S u m m a ry .............................................................................................................. 5
1.7 F u rther R e a d i n g ............................................................................................... 6

1.8 E x e r c i s e .............................................................................................................  6

R e fe re n c e s .......................................................................................................................  6

2 P ro p o s itio n a l L o g ic : F o rm u la s , M o d e ls , T a b l e a u x ......................................  7
2.1 P ropositional F orm ulas ................................................................................ 7
2.2 In te r p r e ta t io n s ..................................................................................................  16
2.3 L ogical E q u iv a le n c e .......................................................................................  21
2.4 S ets o f  B oolean  O perato rs * ........................................................................  26
2.5 Satisfiability , Validity and C o n se q u e n c e ..................................................  29
2.6 S em antic  T a b le a u x ........................................................................................... 33
2.7 S oundness and  C o m p le te n e s s ....................................................................  39
2.8 S u m m a ry .............................................................................................................  44
2.9 F u rther R e a d i n g ............................................................................................... 45
2.10 E x e rc is e s .............................................................................................................  45
R e fe re n c e s .......................................................................................................................  47

3 P ro p o s itio n a l L o g ic : D ed u c tiv e  S y s t e m s .........................................................  49
3.1 W hy  D eductive P r o o f s ? ................................................................................ 49
3.2 G entzen  S ystem  <é/........................................................................................... 51
3.3 H ilbert System  Ж ........................................................................................... 55
3.4 D erived R u les in Ж .......................................................................................  58
3.5 T heorem s fo r O th e r O p e ra to r s ....................................................................  62
3.6 Soundness and C om ple teness o f  Ж .........................................................  64

x i



xii Contents

3.7 C o n s i s t e n c y ....................................................................................................... 6 6

3 .8  S trong  C om ple teness  an d  C om pactness * ..............................................  67
3 .9  V ariant F orm s o f  the D eductive S ystem s * ............................................  6 8

3 .1 0  S u m m a ry ..............................................................................................................  71
3.11 F u rth e r R e a d i n g ...............................................................................................  71
3 .12  E x e r c i s e s ..............................................................................................................  72
R e f e r e n c e s ........................................................................................................................  73

4  P ro p o s itio n a l L o g ic : R e s o lu t io n ..............................................................................  75
4.1 C on junctive  N orm al F o r m ............................................................................  75
4 .2  C lausal F o r m ......................................................................................................  77
4.3 R eso lu tion  R u l e ............................................................................................... 80
4 .4  S oundness and  C om ple teness  o f  R eso lu tion  * ...................................  82
4 .5  H a rd  E xam ples fo r R eso lu tion  * ................................................................. 8 8

4 .6  S u m m a ry .............................................................................................................. 92
4 .7  F u rth e r R e a d i n g ..............................................................................................  92
4.8 E x e r c i s e s .............................................................................................................  92
R e f e r e n c e s ........................................................................................................................  93

5  P ro p o s itio n a l L o g ic : B in a ry  D ec isio n  D i a g r a m s ............................................  95
5.1 M otivation  T h rough  T ruth  T a b l e s ..............................................................  95
5 .2  D efin ition  o f  B inary  D ecision  D iagram s ...............................................  97
5.3 R educed  B inary  D ecision  D ia g ra m s ..........................................................  98
5.4 O rdered  B inary  D ecision  D ia g r a m s ..............................................................102
5.5 A pp ly ing  O pera to rs to  B D D s ......................................................................... 104
5 .6  R estric tio n  an d  Q uan tifica tion  * .....................................................................107
5.7 S u m m a ry ..................................................................................................................109
5 .8  F u rth e r R e a d i n g ...................................................................................................110
5 .9  E x e r c i s e s ..................................................................................................................110
R e f e r e n c e s ........................................................................................................................ 110

6  P ro p o s itio n a l L o g ic : S A T  S o l v e r s .......................................................................... I l l
6 .1 P roperties o f  C lausal Form  ............................................................................ I l l
6 .2  D av is-P u tnam  A l g o r i t h m ................................................................................115
6.3 D P L L  A lg o r i th m ...................................................................................................116
6.4 A n E x tended  E xam ple  o f  the D PL L  A lg o r i th m .......................................117
6.5 Im prov ing  th e  D P L L  A lg o r i th m .....................................................................122
6 .6  S tochastic  A lg o r i th m s ....................................................................................... 125
6.7 C om plex ity  o f  SA T  * ....................................................................................... 126
6 .8  S u m m a ry ................................................................................................................. 128
6.9 F u rther R e a d i n g .................................................................................................. 128
6.10  E x e r c i s e s ................................................................................................................. 128
R e f e r e n c e s ........................................................................................................................129

7 F ir s t - O r d e r  L o g ic : F o rm u la s ,  M o d e ls , T a b le a u x ........................................... 131
7.1 R ela tions and  P r e d ic a te s ................................................................................... 131
7.2 Form ulas in F irs t-O rder L o g i c ........................................................................ 133

Contents

7.3 I n te rp re ta t io n s ................................................................................................ 136
7 .4  L ogical E q u iv a le n c e ..........................................................................................140
7 .5  S em antic  T a b le a u x .........................................................................................143
7 .6  S oundness  and C om pletion  o f  Sem antic  T a b l e a u x ..............................150

7.7 S u m m a ry ........................................................................................................... 153
7 .8  F urther R e a d i n g ............................................................................................ 153
7 .9  E x e rc is e s ........................................................................................................... 153
R e f e r e n c e s ........................................................................................................................... 154

8  F i r s t - O r d e r  L og ic : D ed u c tiv e  S y s t e m s .......................................................... 155
8.1 G entzen  System  У .........................................................................................155
8.2 H ilbert System  Ж .........................................................................................158
8.3 E quivalence o f  Ж  and У ..........................................................................160
8 .4  P roofs o f  T heo rem s in Ж .......................................................................... 161
8.5 T he С -R ule * .................................................................................................... 163
8 .6  S u m m a ry ............................................................................................................165
8.7 F u rther R e a d i n g ............................................................................................. 165
8 .8  E x e r c i s e s ............................................................................................................165
R e f e r e n c e s ........................................................................................................................... 166

9 F ir s t - O r d e r  L o g ic : T e rm s  a n d  N o rm a l F o r m s .................................................167
9.1 F irs t-O rder L og ic  w ith  F u n c t i o n s ............................................................167
9 .2  P C N F  and  C lausal F o r m .............................................................................. 172
9 .3  H erb rand  M odels ..........................................................................................I 7 7

9 .4  H erb ran d ’s T heo rem  * .................................................................................. 180
9.5 S u m m a ry ............................................................................................................ 182
9 .6  F u rth e r R e a d i n g ............................................................................................. 182
9 .7  E x e r c i s e s ............................................................................................................ 182
R e f e r e n c e s ........................................................................................................................... 183

10 F ir s t - O r d e r  L o g ic : R e s o lu t io n ................................................................................. 185
10.1 G round  R e s o lu t io n ..............................................................................................185
10.2 S ubstitu tion  .........................................................................................................I 8 7

10.3 U n if ic a t io n .............................................................................................................189
10.4 G eneral R e so lu tio n ..............................................................................................195
10.5 S oundness and C om ple teness  o f  G enera l R eso lu tion  * .......................198
10.6 S u m m a ry ................................................................................................................ 202
10.7 F u rth e r R e a d i n g .................................................................................................202
10.8 E x e r c i s e s ................................................................................................................202
R e f e r e n c e s ...........................................................................................................................203

11 F ir s t - O r d e r  L o g ic : L og ic  P r o g r a m m i n g ...........................................................205
11.1 From  F orm ulas in L og ic  to  L ogic P r o g r a m m i n g ..................................205
11.2 H orn C lauses and S L D - R e s o lu t io n ............................................................ 209
11.3 Search  R u les in SL D -R eso lu tion  ................................................................213
11.4 P r o l o g ....................................................................................................................216
11.5 S u m m a ry ................................................................................................................ 220



xiv C em ents

11.6 F u rther R e a d i n g .................................................................................................. 221
11.7 E x e rc is e s ................................................................................................................. 221
R e f e r e n c e s ...........................................................................................................................222

12 F ir s t - O r d e r  L o g ic : U n d e c id a b ility  a n d  M o d e l T h e o ry  * .............................223
12.1 U ndecidab ility  o f  F irs t-O rder L o g i c ............................................................ 223
12.2 D ecidab le  C ases o f  F irs t-O rder L o g i c .........................................................226
12.3 F in ite  and  Infin ite  M o d e l s ................................................................................227
12.4 C om ple te  and Incom plete  T h e o r i e s ............................................................. 228
12.5 S u m m a ry ................................................................................................................ 229
12.6 F u rther R e a d i n g ................................................................................................. 229
12.7 E x e r c i s e s .............................................................................................................230
R e f e r e n c e s ...........................................................................................................................230

13 T e m p o ra l L o g ic : F o rm u la s ,  M o d e ls , T a b l e a u x ............................................... 231
13.1 I n t r o d u c t i o n ......................................................................................................231
13.2 Syntax and  S e m a n t i c s .......................................................................................233
13.3 M odels o f  T i m e ..................................................................................................237
13.4 L inear Tem poral L og ic  ...............................................................................240
13.5 S em an tic  T a b le a u x ..........................................................................................244
13.6 B inary  T em pora l O pera to rs * ...................................................................... 258
13.7 S u m m a ry .............................................................................................................260
13.8 F u rth e r R e a d i n g ..............................................................................................261
13.9 E x e rc is e s .............................................................................................................261
R e f e r e n c e s ........................................................................................................................262

14 T e m p o ra l L o g ic : A  D ed u c tiv e  S y s t e m .................................................................. 263
14.1 D eductive S ystem  . 3 ? .................................................................................... 263
14.2 T heo rem s o f  _ S f ................................................................................................264
14.3 Soundness and C om pleteness o f  .á? * ...................................................... 269
14.4 A x io m s fo r  th e  B in ary  T em poral O p era to rs  * ....................................... 271
14.5 S u m m a ry ................................................................................................................271
14.6 Further R e a d i n g ............................................................................................... 272
14.7 E x e rc is e s ............................................................................................................272
R e f e r e n c e s ...........................................................................................................................272

15 V erifica tio n  o f  S e q u e n tia l P r o g r a m s .................................................................... 273
15.1 C o rrec tness F o r m u l a s .................................................................................... 274
15.2 D eductive  S y stem  .................................................................................275
15.3 P rogram  V e rif ic a tio n ........................................................................................ 277
15.4 P rogram  S y n th e s is ............................................................................................279
15.5 F orm al S em an tics  o f  P rog ram s * ..............................................................283
15.6 Soundness and  C om ple teness o f  Ж Ѕѓ * ...............................................289
15.7 S u m m a ry .............................................................................................................. 293
15.8 F urther R e a d i n g ............................................................................................... 293
15.9 E x e rc is e s .............................................................................................................. 293

R e f e r e n c e s ...........................................................................................................................295

C o n ten ts
X V

16 V erifica tio n  o f  C o n c u r r e n t  P r o g r a m s ...................................................................297
16.1 D efinition o f  C o n cu rren t P r o g r a m s .............................................................298
16.2 F orm aliza tion  o f  C o r r e c t n e s s ........................................................................300
16.3 D eductive V erification o f  C oncurren t P ro g r a m s ...................................... 303
16.4 P rogram s as A u to m a ta ....................................................................................... 307
16.5 M odel C heck ing  o f  Invariance P r o p e r t ie s ...............................................311
16.6 M odel C heck ing  o f  L iveness P ro p e r t ie s ......................................................314
16.7 E xpressing  an LTL F o rm u la  as an  A utom aton  ...................................... 315
16.8 M odel C hecking  U sing the S ynchronous A u to m a to n ............................317
16.9 B ranch ing-T im e T em pora l L o g ic  * ............................................................. 319
16.10 Sym bolic  M odel C heck ing  * .........................................................................322
16.11 S u m m a ry .............................................................................................................. 323
16.12 F u rth e r R e a d i n g ...............................................................................................324
16.13 E x e r c i s e s .............................................................................................................. 324
R e f e r e n c e s ...........................................................................................................................325

A p p en d ix  S e t T h e o r y ........................................................................................................ 327
A. 1 F in ite  and  Infinite S e t s .................................................................................... 327
A .2  S e t O p e ra to r s ....................................................................................................... 328
A .3 S e q u e n c e s ........................................................................................................... 330
A .4 R elations and F u n c t i o n s ................................................................................. 331
A .5  C a r d in a l i ty ...........................................................................................................333
A .6 P roving P roperties o f  S e t s ............................................................................. 335
R e f e r e n c e s ...........................................................................................................................336

In d e x  o f  S y m b o l s .......................................................................................................................337

N am e I n d e x .................................................................................................................................. 339

S u b je c t I n d e x .............................................................................................................................. 341


