Contents

Foreword iX
1 Fibonacci Identities 1
11 Combinatorial Interpretation of Fibonacci NUmMbers.........cccccevvvevevicieiinnenn, 1
I Lo LT o) (] AT SRS 2
13 A FUN APPHICALION .o n
0 N [ = USSR 12
L5 EXBICISES  oiitieiiiiieiteeieiteste et e e te st et s et e et et e s beste e st e be s beeneestesbeeneeseesreeteeneentens 13
2 Gibonacci and Lucas ldentities 17
2.1 Combinatorial Interpretation of Lucas NUMbBErs........ccccoovviiiieiiiiiciens 17
2 WU o R o =Y o A A= SRS 18
2.3 Combinatorial Interpretation of GibonacCiNuUmMbers. ..o, 23
2.4 GIDONACCH TAENTITIES....ccuicicic e e 23
2.5 NOIES i re e e nraeenes 32
2.6 EXEICISES  viitiieeiieite sttt s et s e te ettt et et te e et e te et st be e re et renre s 32
3 Linear Recurrences 35
3.1 Combinatorial Interpretations of Linear RECUITENCES.....ccevivvieevieie i, 36
3.2 ldentities for Second-Order RECUITENCES.......ccveveieeieeiese et 38
3.3 Identities for Third-Order RECUITENCES.......cceiveieeieeceecte et 40
3.4 Identities for /cth Order RECUITENCES.....ucivcieeie e see et se e nne e 43
3.5 Get Real! Arbitrary Weights and Initial Conditions............cccccveviiveiieniennnn, 44
K I N [0 (=PRSS 45
A =] (o] =TSPTSRO 45
4 Continued Fractions 49
41 Combinatorial Interpretation of ContinuedFractions..........cccoceeevvienieiennens 49
L 1 1= 11 ] AT RSSO SR 52
4.3 Nonsimple Continued FraCtioNS.....cccvciiiiiii i 58
4.4 Get Real AQAINT. ..o s 59
T N 0 - SRR 59
I T o 11 SRS 60



X1V

PROOFS THAT REALLY COUNT

5 Binomial ldentities 63
5.1 Combinatorial Interpretations of Binomial Coefficients..........ccccovvvviiervnnnnn 63
5.2  Elementary 1dentities . ..o 64
5.3 More Binomial Coefficient IdentitieS .....ccccoovevviiiiieniinee e 68
5.4 MURICNOOSING....iiiiicece et besae e 70
55 Odd Numbers in Pascal’s Triangle........ccoooviiiiiiiiiieeeeeee s 75
L I VL] (< PP PP PP PR PPPP 77
B.7  EXEICISES  woiiiiiiiiie ettt ettt ettt ettt e e ae st e s e et eetb e e abe et e e be e beeabeenbeenreereeans 78

6 Alternating Sign Binomial Identities 81
6.1 Parity Arguments and Inclusion-EXClUSIiON..........cccccooeiiiiiieii i, 81
6.2 Alternating Binomial Coefficient IdentitieS.......cccoeviiviniiivievie v, 84
8.3 NS it e et bbbt bt e re e 89
B.4  EXBICISES  wriiiviiciiiiie ittt ettt ettt ettt e e ete et et e e b e b e e be e be e sbe e be e beebeebeeare e 89

7 Harmonic and Stirling Number lIdentities a1
7.1  Harmonic Numbers and PermutationsS........ccocevvrivnienienienin s, 91
7.2 Stirling Numbers of the First Kind ..o 93
7.3 Combinatorial Interpretation of Harmonic NUMbBers.......cccccevvveveveicvcceienns 97
7.4 Recounting Harmonic TdentitieS ... 98
7.5 Stirling Numbers of the Second K ind .....cccocooieiiiiieii e 103
T8 NOES ettt e b e b e bt bbbttt be b 106
T.T EXEICISES  ooveeiiiiiiteiteieies ettt ettt bbbttt e et 106

8 Number Theory 109
8.1  ANhMELIC AN TITIES . i 109
8.2 Algebra and NUMDEr TheOTY ..o 114
8.3  GCDS REVISITEA....cccii ittt sbe e s st sbeeebe e 118
8.4  LUCAS” TRHEOTEM ..iciiiii ettt st ere e re b eneas 120
8.0 NOTES e 123
ST T = (= o] -SSR 123

9 Advanced Fibonacci & Lucas ldentities 125
9.1 More Fibonacci and Lucas 1dentitieS......ccccvivvviieveviesieie e 125
9.2 ColOrful 1dENTItIES. ...cveieieeieieieee e 130
9.3 Some “Random” Identities and the Golden Ratio.......ccoccoviieviiiiininicienns 136
9.4 Fibonacci and Lucas PolynomialS......ccccooiiiiiiieiiiiseee e 14
9.5  Negative NUMDEIS ..o s 143
9.6 Open Problems and Vajda D @ta ......ccccooiiriiiiniiiiecesese e 143

Some Hints and Solutions forChapter Exercises 147

Appendix of Combinatorial Theorems 171

Appendix of Identities 173

Bibliography 187

Index 191

About the Authors



