Springer Monographs in Mathematics

Jean-Pierre Tignol - Adrian R. Wadsworth
Value Functions on Simple Algebras, and Associated Graded Rings

This monograph is the first book-length treatment of valuation theory on finite-
dimensional division algebras, a subject ofactive and substantial research over the last
forty years. Its development was spurred in the last decades of the twentieth century
by important advances such as Amitsur's construction of noncrossed products and
Platonov's solution ofthe Tannaka-Artin problem.

This study is particularly timely because it approaches the subject from the perspective
ofassociated graded structures. This new approach has been developed by the authors
in the last few years and has significantly clarified the theory. Various constructions
of division algebras are obtained as applications of the theory, such as noncrossed
products and indecomposable algebras. In addition, the use of valuation theory in
reduced Whitehead group calculations (after Hazrat and Wadsworth) and in essential
dimension computations (after Back and Merkurjev) is showcased.

The intended audience consists of graduate students and research mathematicians.

Mathematics
ISSN 1439-7382

ISBN 978-3-319-16359-8

9 783319 163598

»springer.com



1

Valuations on Division Rings
Basic definitions and examples.......ccccocvvviv v viee e,

11

1.2

1.3

1.1.1 Valuations and associated structures....................
1.1.2 Examples: twisted Laurent SeriesS........cccccevevveeennne,
1.1.3 Examples: iterated Laurent Series..........cccceecveennnn.
1.1.4 Examples: Malcev-Neumann series..........c............

Valuations on finite-dimensional division algebras............
1.2.1 The fundamental inequality......cccccccooviviiiiinnnnnnen
1.2.2 Extension of a valuation fromthe center ......................
1.2.3 Composite valuations........ccccveeeviiienicine e

1.2.4 Examples: rational functions over a division algebra ..

1.25 Examples: Laurent SEries.....cccccovveiviieevieeesiivneennn,

1.2.6 Examples: iterated Laurent series..........cccccvevveennen
1.2.7 Examples: discrete rank 1 valuations.....................

1.2.8 Examples: local fieldS.......ccccovviiiiiiiiiiiiiee i,

1.2.9 Example: the field of rational numbers-.................
The graded ring associated to a valued division algebra..

131 DefinitioN ..
1.3.2 EXAMPIES oo

=) (0 1= T

Graded Algebra

2.1

2.2

Graded linear algebra.......cccoceiiii i,
2.1.1  Graded rNgS...ccccceeeiiiie et
2.1.2 Graded mModules......ccccoveviiiiiiiiiiie e
2.1.3 HOMOMOIrphiSMS....coceiiiiecie e
2.1.4 Tensor ProducCtS......cccccocceeeiiieeeiiiee e

Wedderburn structure theory ..o,

2.2.1 Semisimple graded algebras and central quotients



Xii

Contents

2.2.2 The structure of semisimple graded algebras................ 50
2.2.3 The Wedderburn Theorem for simple graded algebras . 53
2.2.4 Centralizers and simple subalgebras..........cccccceivvnennnen. 57

2.3 Degree zero elements in simple graded algebras..........cc.c......... 64
2.3.1 The grade group action ....ccccceiiiiienieiinie e, 64
2.3.2 Inertial graded algebras......cccccoveviiiiiiiiiii i 72
EXEICISES  ooiitie ettt e e et e e e e e et e e e e e nnes 78
N 01T OO P PP PPRPRPPRY 80
Value FUNCHIONS i 81
3.1 Value functions 0N VECtOr SPACES......ccceevieiiieeiie e 81
3.1.1 Value functions and associated graded vector spaces .. 82
3.1.2 Value functions over maximally complete fields............ 85
3.1.3  SUDSPACES..cciiiice 88
3.1.4 HOmMOMOIPhISMS. oot 90
3.1.5 Tensor ProducCtS....cccccccieeiieiii e 94

3.2 Value functions on algebras.........cccooveviiiiciicii e, 97
3.21  SurmultiplicatiVIty ... 97
3.2.2  GAUGS i citie ettt ettt bbb ae e 103
3.2.3 Gauges on symbol algebras.......ccccccovveviiiiienie e, 107
3.2.4 Gauges on tensor ProductS .......cccccevcverieireeninsieeenee e 113
3.25 Gauges from graded algebras ........cccccoeveviiiiiieiie e, 115
3.2.6 Residually simple gauges.....ccccooiiiiiiniiiniiesee e 120
3.2.7 Composition of value functions and gauges................... 124
EXBICISES ettt bbb nre e 130
N0 X P RRR 132
Existence andFundamental Properties of GaugesS........cceou..... 135
4.1 The Henselization of a division algebra........cccccoovviiiininiininennn 135
4.2 DEIECT oo e 140
4.2.1 Defect of valued division algebras.........ccccvvveriniieninnnnnn. 140
4.2.2 Defectlessness of valuations in semisimple algebras.... 152

4.3 The structure of QAUgES..ccoieiii e 155
4.3.1 Gauges on algebras over Henselian fields ....................... 155
4.3.2 Gauges on central simple algebras.......ccccoooeiiiiicnnn, 160
4.3.3 Gauges on commutative algebras........ccccceviiiiiiiiinnnn, 162
4.3.4 Gauges on simple and semisimple algebras..........c........... 167

4.4 Existence of gauges on semisimple algebras.........ccccevvviiivinnnne. 177
4.4.1 Descent Of NOIMS...ccociiii e 178
4.4.2 EXISteNnCe OF QAUGES..ccoiiiiiie e 183
EXEBICISES ieiiiitiee ettt e et e e ae e e re e e aree e 189



Contents xiii

5 Graded and Valued Field EXIENSIONS ...ccoceviiiiniiniieieeie s 193
51 Graded field eXtENSIONS......ccciiiieiieiieie e 193
511 The quotient field ..., 194
5.1.2 AlgebraiC eXtenSiONS.....ccccccvviieiiiiie e 195
5.1.3 Ramification in graded field extensionsS............cccceveennen. 206
5.1.4 Galois theory of graded fieldsS......c.ccoovvviiiiiieiicciie, 212

5.2 Valued fields from a graded perspective .........ccccccevvveviineciinennn, 221
52.1 Uniform polynomialS........cccovvriiiiiniiiiie e 221
5.2.2 Tamely ramified extensions of valued fields.................. 227
EXBICISES  .oeieiieiiiiectee sttt be e nnee s 234
AN L0 £SO PUPRTROPPPRRRTPPI 236
6  BTraUBT GrOUPS iiiiiiiiiiiiiie ittt sttt et sin e e e 239
6.1 The Brauer group of a graded field ........c..cccoovviiiiiiiiieiinin, 239
6.1.1 Definition of Br(F).....cccccooiiiiiiiieie e, 240
6.1.2 Homological interpretation of Br(F).......ccccoocevvviviirnnnn. 245
6.1.3 The canonical Brauer group filtration (graded case)... 252
6.2 The Brauer group of a valued field...........cccooe i, 261
6.2.1 Inertial gaugesS. ..o 262
6.2.2  TaAME QAUGES..cciiiiieeiiieeeeriiee e eitee et e e srrr et e s e e 268
6.2.3 The canonical Brauer group filtration (valued case) ... 277
EXErcises .....ccoccvvvvivinennnnn, 289
N L0 (T SO TP UP P PURPPPPTRN 293
7 Total RamifiCatioN oo 297
7.1 Symplectic MOAUIES.......cooeiiiiiie s 298
7.1.1 Alternating pairings on torsion abelian groups ............. 298
7.1.2 The group SYMpP(Q) .eoooeerieeiieiiieiie e 302

7.1.3 Symplectic modules and second exterior powers.......... 309
7.2 Tensor products of symbol algebras.........cccoceviiiiiiiieiie e, 317
.21 ATMATUIES .ot 318
7.2.2 Armatures in graded algebras.........cccccoviiiiiiiiininin, 330
7.2.3 AIMATUIE JAUGES . uiiiiiiiieiiiiiieesiiee e s stiee e sree e siree e senee e 336
7.3 Total ramification in graded algebras..........cccccooviiiiiieiieinin, 340
7.3.1 Totally ramified graded division algebras...........c........... 341
7.3.2 The Brauer group of an inertially closed graded field .. 350
7.3.3 The top level of the Brauer group filtration.................. 355
7.4 Total ramification in algebras over valued fields ....................... 360
7.4.1 Totally ramified division algebras........cccccvviviiiiiinnnnnnnn, 360
7.4.2 The tame Brauer group of a Henselian field................... 367
EXBICISES oottt ettt b e s 371



Xiv

10

Contents
Division Algebras over Henselian Fields ..o, 377
8.1 Tame and inertial lifts in valued division algebras.........c............ 378
8.2 Canonical subalgebras.........ccccoviiiiiiii i 388
8.2.1 Canonical subalgebras of a graded division algebra. ... 388
8.2.2 Canonical subalgebras of a tame division algebra........ 391
8.3 Semiramified algebras.......cccccveiiiiiie i 394
8.3.1 The Dec subgroup of the Brauer group......ccccceeceerveennnnne. 395
8.3.2 Bicyclic algebras......cccovviiiiiiii i 397
8.3.3 Semiramified graded division algebras.........ccccoocevvviinnnn 405
8.3.4 Semiramified division algebras over Henselian fields ... 413
8.4 Brauer class factorizationsS.......c.ccovevieniiiienie s 419
8.4.1 The S<B>T decomposition (graded case) ..........ccoecvrreennn. 420
8.4.2 Inertially split graded algebras.......ccccccoovveviiiiiiininenn, 425
8.4.3 The 5 @T decomposition (valued case) .........ccccceevernenn 433
8.4.4 Inertially split algebras over a Henselian field................ 435
8.4.5 Example: the S construcCtion......cccccceevvevieiiec e 439
8.4.6 The case of discrete rank 1 valuationsS.........ccccccevevrnnenne. 441
(=] (0] K- PRSPPI 444
I 0] (PSP OUPPRRR PRSP 449
Subfields and Splitting Fields of DivisionAlgebras................. 455
9.1 Splitting fields of tame division algebras..........ccccooevvviiininnnn, 456
9.1.1 Inertial and inertially split algebras.......ccccccecevveieennnnnn, 456
0.1.2 Tame algebras.....ccccviiiiiiiiic e 458
9.1.3 Example: the T cONStruCtion.......cccceeveveiievvenesce e 461
9.2 Pure subfields in semiramified division algebras..........ccc.cceevennee. 463
9.2.1 Noncyclic algebras with pure maximal subfields.......... 464
9.2.2 Pure totally ramified subfields .........ccccovviiiiiiniiiennnnn, 469
9.3 Galois subfields in p-algebras........ccooviiiiiiiiiiene e, 472
9.4 Noncrossed product algebras......cccooiiiiiiii, 476
9.4.1 Noncrossed products .of degree p2......cccccevveveevieereennnnn, 480
9.4.2 Noncrossed products of degree 8........ccocevvvviieiieieeniennn, 482
9.4.3 lterative construction of noncrossed products................ 484
] (0] =SSR 486
N DTS ittt 486
Indecomposable Division Algebras.....iiiiinie e, 491
10.1 Indecomposable algebras of nonprime exponent........c...ccceeeeneen. 492
10.2 Indecomposable algebras of prime exponent........c.cccoccevvvervnnnene. 501
10.2.1 Jacob’s indecomposability Criterion........ccccevcvvviviinnenne 501
10.2.2 Indecomposable algebras of exponent 2 and degree 8 .. 507
10.2.3 Characteristic p calculationsS.........ccccoevieeiieeiiiiiec e, 510
10.2.4 Indecomposable algebras of odd primeexponent........... 515
10.3 Decompositions into tensor products of symbolalgebras......... 521

B B IS et aaaaaaaaa 529



Contents XV

N OB 531
11 Computation 0f SKI(D ) oo 535
11.1 SKi of graded division algebras.......cccccoveeviiiiiiiieciiee e 536
11.2 SKi of division algebras over Henselian fields............c............. 546
T (o] 1= SO ERUSRSR 554
N O S . 535
12 The Essential Dimension of Central Simple Algebras ......... 561
12.1 A brief introduction to essential dimensions...........ccccoccvveeennneee. 562
12.2 Descent of semiramified division algebras.........ccccccoveiiinnnl, 566
12.3 LOWEE DOUNAS ... 575
12.4 Application to decomposability..........cccccoovviiviiiiiiii e, 581
EXBICISES .ottt e e s aree s 583
N OO 583
Appendices
A Commutative Valuation Theory ..., 585
A.l Extensions of valuations on fieldsS.........cccccoovveiiiiiiiiic e, 585
A.2 Henselian valuationS........ccccveeiiie e 595
A.3 Properties of the Henselization.........cccocoiiiiiiiiiiee, 604
A.4 Ranks of value groups and their factor groups.........cccceeevveernnnn. 608
B List Of EXaMPIES. e 613
RN LT =T g o 1 USSR ER 621
SUDJECT TNAEX oo e re e e e s enreee s 635

Index of Notation 641



