CONTENTS

1. What's in This Book (Read This First!) ... 1
11 Real people can read this DOOK ... 1

12 What's iN thiS DOOK ... e 3

1.3  What's new inthe second edition ... 6

14 Gimme feedback (BE POIItE)....cco e 8

15 TRANK Y OU! et e e e s e e e e e et e e e e e e e e 8
PART | The Basics: Models, Probability, Bayes' Rule,and R .................. 13
2. Introduction: Credibility, Models, and Parameters..........cccccvvviiiiiiiiiiceiieeiiciec e 15
21 Bayesian inference is reallocation of credibility across possibilities..........cccccvvvviveieeneennen.. 16

2.2 Possibilities are parameter values in descriptive models........ccccoviiiiiiiiiiniieeeee 22

2.3 The steps of bayesian data analysis............cc.oo oo 25

24 EXEICISES. ..ttt ettt ettt e ettt e e e e et e e e e e e ettt e e e e e aR b b r e e et e e e e e bba e e e e e e e e nnnees 3

3. The RProgramming LaNQUAQE. ........uuuuuiiiieeieiieiieieeeieeeeeeesseesssssasesssssessessssseeseerrererreeeeee 33
31 G e SOTIWAIE....ci e 35

3.2 A simple example Of RIN @CTION .....ccuiiiiiii e e e e e e e e eeees 36

3.3 Basic commands and OPerators iN R.......ccooiiiiiiiiiiiiiii e e e e e e e e ee e e e e e eeaenenes 38

3.4 VAT 101 [= AT o1 PP PP PP PP TTPPPPPPI 42

35 (o F=To TaTo = Talo IEST= 1Y/ 1T Be = - U 53

3.6 SOME ULIHITY FUNCTIONS ...t e e e eas 56

3.7 Programming N R et e e e e e e e eeen e 61

3.8 Graphical plots: opening and SAVING........cooooiiiiii i r e 69

3.9 (@0 o od 111 o o 1 69
00 O B (T (o1 PR UPUSRPR 70

4. Whatls This Stuff Called Probability?............ccc e, 71
41 The set Of all POSSIDIE BVENTS......uuiiiiiiiiiiiiiiee e 72

4.2 Probability:outsideor inSide the NEad. ... 73

4.3 Probability distribULIONS ... e e e e e 78

4.4 TWO-WaY AiSTHDULIONS ... e e neeees 89

4.5 yaY o] o1=T o b e medoTo L= (o] g {To U = S 93

4.6 EXBICISES. ..ttt ittt e oottt e e et e e e e e — e e e e e e e e e e e e e e e nnnnes 95



5. BAYES RUIE. .. 99
51 BaAYES TUIE. ...ttt e e e ae s 100

5.2 Applied to parameters and data...........cccooiiiiiiiiiii e e e e 105

5.3 Complete examples: estimating biasS iN @ COIN .......cooiiiiiiiiiiie e 108

5.4 Why Bayesian inference can be diffiCUlt.........ccccco 115

55 Appendix: Rcode for figures 5.1,5.2, @1C......ccooiiiiiiiiii e 116

5.6 = o TP 118

PART Il All the Fundamentals Applied to Inferring

a Binomial Probability.........ccccooiiiiiiii 121

6. Inferring a Binomial Probability via ExactMathematical Analysis............cccceunnee 123
6.1 The likelihood function: Bernoulli diStribDUtioN ...............uuuiiiiiiiiiiiiiiiiieeeeee e 124

6.2 A description of credibilities: the beta distribution............ccccccci 126

6.3 The POSLEIION DB LA ..uuiiiiiiiiieieieeeeeeee e 132

6.4 =Y 0] 0] 1= 1P 134

6.5 YU L0 00 0= 2 PUPPRRS 138

6.6 Appendix: RCOAE fOr fIQUIE 6.4 ... .. ettt ettt e et e e e e e e e e e e e e e e e e e e e e e e e e e e e e aeeens 138

6.7 EXBICISES. ..ottt e e e e e e r ettt e e e e e e e e e e e e e e n e aaeeeas 139

7. Markov Chain MONTE CarlO.......oooiiiiiiiiiiiiie e 143
7.1 Approximating adistribution with alarge sample........ccccoviiii e, 145

7.2 A simple case of the Metropolis algorithm ... 146

7.3 The Metropolis algorithm more generally..........cooiiii e 156

7.4  Toward Gibbs sampling: estimating two COIN DIaSes...........ccoeiiiiiiiiiiiiieee e 162

7.5 MCMC representativeness, accuracy, and effiCienCy.......ccccvvvviiiiiii e, 178

7.6 YU 0 111 4= U2 PP 188

7.7 T o 1S =SSR 189

S JE 1 3 T 193
81 JAGS and itS relation tO R .....coiiiiiiiiiiiiiie et e e e e e e e eas 193

8.2 A COMPIETE EXAMPIE .. e 195

8.3 Simplified scripts for frequently used analySes.............ccoo oo 206

8.4 Example: difference Of DIASES.......uuiiiiii i e 208

8.5 Sampling from the prior distribution IN JAGS..........ccoiiiii e 211

8.6 Probability distributions available iIN JAGS...........coo e 213

8.7 Faster sampling with parallel processing in RUNJAGS..........ccccccciiiiiiii, 215

8.8 Tips for expanding JAGS MOAEIS.......uuuiiiii i e e e e e e e e e e e e e eeeeens 218

8.9 T (011 218



9.

10.

11.

12.

13.

Hierarchical Models 221

91 A single coin from asingle M iNt.........i e 223

9.2 Multiple coins from @ SiNGIE M INT......ooiiiii e 230
9.3 Shrinkage in hierarchical MOEIS........coo i 245
9.4 SPEEUING UP JAGS. ..ottt e et e e e e e e e e e e e e e e e e e e e e e nnn s 249
9.5 Extending the hierarchy: subjects within categories.........cccccciiiiiiiiiiii e 251
9.6 ST o ST 260
Model Comparison and Hierarchical Modeling..........ccccvviiiiiiiiiii e, 265
101  General formula and the Bayes faCtOr...........uuiiiiiiieiiiiiiiic e 266
10.2 Example: two faCtOreS Of COMNS.....uiiiiiiiee e 268
10.3  SOIULION BY MCMC.... e ra e e 274
O 2 (=T [Tox i o) g i 0 4 To Yo L=T = RV 2= = U o o [ 289
10.5 Model complexity naturally accounted fOT....cccccvviieiiiiiii 289
10.6 Extreme sensitivity to prior diStribUtioN ..o 292
O b (T (o] 1= 295
Null Hypothesis Significance TeSTiNG ... 297

11,1 Paved With go0d INTENTIONS .....uui i e e e e e e e e e e 300
11.2  PriOr KNOWIEAQE .. ettt e e e r e e e e s e n e e e e e e e anes 315
11.3 Confidence interval and highest density interval.........cccccoiiiiiiiiiii e 317
114 MURIPIE COMPATISONS ..o i ettt e e e e e e e e e e e eeeeeeaeeeaaeaaaaaaaaaaaaeeens 325
11.5 What a sampling distribution iS g00d O ......cciiiiiiiiiiiie e 329
T T (T (o[ 331
Bayesian Approaches to Testing a Point ("Null') Hypothesis.........ccccceeiiin. 335

121 The eStimation aPPrOACH . ... e e e 336
12.2  The model-compariSON apPrOACK.......ccoi i e e e e e e e e e e eaaaaaaaas 343
12.3 Relations of parameter estimation and model compariSoN...........ccccccivvieviiiiiiiiiiierieeeeeeeeee, 352
12.4  Estimation or model COMPATISON? .. ..uuiiiiiiiiiiiiiiiii e e e e a e e e e 354
125  EXEBICISES. .. uuttttiteeeeeae ittt e e e e e e ettt e e e e e e e ettt et e e e e e aat bbbt e et e e e e n R bbb et e e e e e e e n bbbt e eee e e e e nntaneeeeeeeaanne 355
Goals, Power, and Sample Size......cccoiiii 359
131 TRE WIll 10 PO BT e ettt e et e et et e e e e e aaeaeeaeaaaeaaaaaens 360
13.2 Computing pOWeEr and SAMPIE SIZE.......uuuuuiiiiiiiiiiiiiiiiieiee et e e e e e e e e e e e e aa e e e e e e aaaaaaaaaaeaens 366
13.3 Sequential testing and the goal Of PreCiSION...........uuiiiiiiiiiiiiiiieeeeeeeee e 383
IR 70 S D 1 L= o1 11 oY o PP 393

13.5 Exercises



S S = 1 1 PP 399
I R 1Y (@Y= Vs o] 1 o 400
142 INSTAIING STAN ..ot e e e e e e s s bbb et e e e e s e a bbb e e e e e e e e nannees 407
14.3 A COMPIEIE EXAMPIE ..o e e e e e e 407
14.4  Specify Models tOP-AOWN 1N STAN.......uuuiiiiiiiiiiieee e 414
I 10 71 = o] g [ = T T I 1 = F 415
T (= (ol [T USUTPPUPPRPPPNS 415
PART Il The Generalized Linear Model...........cccooooviiiiiiiii e 417
15. Overview of the Generalized Linear MOdel.......ccccooiiieiiiiiiiiiiii e, 419
151 TYPES OF VAIADIES. ... e e e e e e e e 420
15.2 Linear combination of prediCtorS......ccccviieiiie e 423
15.3 Linking from combined predictors to noisy predicted data.........c.ccccceeeeiiiiiiiiiiiiiiiin e, 435
15.4  Formal expression OFthe GLM ... 444
15 D EXEBICISES. it iiiii et — it a e e et et et aaaaaaaaaaaaaaaaaaaaaaas 446
16. Metric-Predicted Variable on One or TWO GrOUPS....ccccoceeiininnniiiiennnnnnes 449
16.1 Estimating the mean and standard deviation of a normal distribution...........c..ccccccooe. 450
16.2 Outliers and robust estimation: the f distribution...........cccccoiiiie e, 458
SRS T VY[ o | € TV T o - TP UPPPP 468
16.4 Other noise distributions and transforming data............ccccceiiiiiiiiiiiiiiiiiieeee e 472
T T (= (o7 1= 473
17. Metric Predicted Variable with One Metric PrediCtor.........ccccccciieiiiiiiiiiiiiiicieeeee, 477
A Y [ 0T o L= T g LT T g =T 1 =17 o o 478
17.2  RODUSE INEAI FEOIESSION . ..cciiiiiiiiiiiee ettt e e e e e e e s e e e e e e e annes 479
17.3 Hierarchical regression on individuals Within groups......cccccoviviiiiiiiiiiici e, 490
17.4 Quadratic trend and Weighted data..........ccoeiiiiiiiiiiiieeeiee e 495
17.5 Procedure and perils for expanding amodel..........cccueiiiiiiiiiiiiiiiie e 501
L7.8  EXEICISES. ...covittuiii i i e e ettt ettt e e e e ettt e e e e e e e e e et et e et eeeeeeeseee et s bt eeeeeeeesaesstbaa e aeeaeaeeesnres 504
18. Metric Predicted Variable with Multiple Metric PrediCtorS.........ccccccvvviiiiiiieiiininnnns 509
181  MUILIPIE lINEAr FEOIESSION. .. uuuiiiiititiiitititittiiee ettt e e ee e ereeeeeeeteeeeeaaaeaaaaaaaaaaaaaaaaaeaaeeeaanens 510
18.2 Multiplicative interaction of Metric PrediCtorS. ..o 525
18.3 Shrinkage of regression COeffiCIENtS...........oooiiii i 530
18.4  Variable SEIECHION.......uiiiiiiieeeeeeeeee e —————— 536

S T T (=] (o F-T = TP 549



19.

20.

22.

23.

Metrie Predicted Variable with One Nominal Predictor 553
191 Describing multiple groups of MEetriC data.........coeeiiiiiiiiiiiieeiii e 554
19.2  Traditional analySiS Of VAIANCE..........ciiiiiiiiiiiii et e e e e e e anes 556
19.3  Hierarchical Bayesian apprOaCh.........cciiiiiiiiiicicee e e e e e e e e e e e e e e e aaaaaaaaaaaaaas 557
19.4  Including @ MEtriC PrediCION . ....oii et a e e 568
19.5 Heterogeneous variances and robustness againStoUtliers........cccccvvvvvviiiiiiieeiieeeeeeeiee e, 573
S TG T (o [ = 579
Metric Predicted Variable with Multiple Nominal Predictors........cccccccceeeiiiiiiiininnnn, 583
20.1  Describing groups of metric data with multiple nominalpredictors.........cccccccceeeeeennn. 584
20.2  Hierarchical Bayesian apprOach.........ccoooiiiiiii e 588
20.3 Rescaling can change interactions, homogeneity, andnormality...........ccccccvviiiiiiinnnnnnnnn, 599
20.4 Heterogeneous variances and robustness againStoUtliers........ccooocvvvvveieeiiniiieeeee e 602
20.5  Within-SUDJECE Qe SIgNS . uuuuuii i iiiei i e e e e e e e e e e e et e e e e e e e eereetanna s e eseeeeeenennns 606
20.6  Model compariSON aPPrOACK.......ccuuiii i e e e e e e e e e ae e e e e e e anrene 616
20.7  EXEBICISES. ..ciiiiiiitiieee et et ettt e e e e e ettt e e e e e ettt ettt e e e e R bbbttt e e e e e e e b e et e e e e e e e b b e et e e e e e e a e e e e e e s 618
21. Dichotomous Predicted Variable............oouiiiiiiiiiiiiiiiiiiiiiiiieeeeeeeeeeeeeeee e ee e 621
2 I R VW] AT o] L= 0 =] (g Toa oY (=Y o o3 (o ] = 622
21.2 Interpreting the regression COEfICIENTS. .. ..o 629
21.3  RODUSL I0QISTIC EGIESSION. ... .uuiiiiiieieiiiiiitie e e e e et e e st e e e e e s et e e e e e e e bbb e e e e e e e s annnneeees 635
b2 I S \To g g 1T F= VI o1 (=T [ o3 (o] ¢ USSR 636
At R S (=] (o3 === T 646
Nominal Predicted Variable. ... 649
221 SOMMAX FEOIESSION. ..ttt ieee e ettt e e e e e ettt et e e e e et et e e e e e bbb et e e e e s e a bbb e et ee e e e e annbbnneeeeeas 650
22.2  Conditional [0giStIC FEOIESSION.....cciiiiitieiiee e e ettt e e e e e e e e e e e e 655
22.3  ImPlementation iN JAGS..... ..ot e e 659
22.4  Generalizations and variations ofthe models...........oooi i 667
22.5  EXEICISES. . .ciiiiitieeeeee e e et ettt e e e e e ettt et e e e e e bttt et e e e e ettt ee e e e e haaete e e e e e e e naar et e e e e e aannaaeeeaeens 668
Ordinal Predicted Variable. ... 671
231 Modeling ordinal data with an underlying metricvariable...........cccccoiiiiie 672
23.2 The Case Of @ SINGIE GIrOUP uuuiiiiiiiiiiiiiiieeeeeee e 675
23.3  The CASE Of WO GIOUP S .. i i ieiiiiiieiiiiis e e e e e e e ee ettt r e e e e e e e e e e ee i r s e e e e e e e eeeettenra e eeeeeereeesrrnnnnnes 682
23.4  The case Of MetriC PrediCTOrS. ... ittt e e e e e e e e e e e s 685
P20 TS T =0 11 = o gl o] (=Y o {0 o S 698
23.6  Generalizations and @XIENSIONS . .....cciiiiitiiiieieee ettt e e s e e s e e e e e s s sbbeare e e e e e aanees 699

PG T A o (2] (o =YL= TR 700



24. Count Predicted Variable 703
241  Poisson exponential MO el ... e e e e e e e e e e e e e aaaaaaaas 704
24.2 Example: NAIr €Y8 GO @0 @IN . .....uiiiiiiieeiiiiiie ettt a e e e e 711
24.3  Example: interaction contrasts, shrinkage, and omnibus teSt.......cccccvviiiiiiiiiiiiiiieiieeeeeeeee, 713
24.4  Log-linear models for contingency tables. ... 715
P R b (= (o [T TSP PPEPTTPR 715
25, TOOIS INThE TrUNK ..o e e e e e e e e e e et e e e e e e e eaeaaans 721
25.1 Reporting aBayesSian analySiS...........occciciiiiiiiiiiiiiir e aaaaaaaaaaaaaaaaas 721
25.2  Functions for computing highest density intervalS...........cccccimiiiiiiiiicc e, 725
25.3  REPArAMETEIIZATION. ...coiiitiiiie ettt e e e e e e e e e s e e e e e aeeas 729
25.4  Censored data iN JAGS........ooiii et rr et e eees 732
A R T VAV F= U =0 AT 736
(S]] ]I ToTe T =T o] 0|V PP P RS PPPPPPPPPN 737
15T L= SO PRUPTP 747



