contents

Chapter

11
1.2
1.3

Chapter

2.1

2.2

2.3

24

1 mThe Process of Mathematical Modeling

WHAT IS MODEL BUILDING?
MODELING FRAMEWORK
GENES AND BIOLOGICAL REPRODUCTION

2 mModeling with Ordinary Differential Equations

THE MOTION OF A PROJECTILE

2.1.1 Approximations and Simplifications
2.1.2 Model:

2.1.3 Model Compounding:
SPRING-MASS SYSTEMS

221 Data Collection

2.2.2 Approximations and Simplifications
2.2.3 Mathematical Model

224 Remarks and Refinements
ELECTRICAL CIRCUITS

231 RLC Circuits

2.3.2 Approximations

POPULATION MODELS

2.4.1 Logistic Model

2.4.2 Prototype Model

2.4.3 Data and Approximations:

2.4.4 Solution of the logistic equation

14

21

23
24
24
26
28
30
30
31
32
45
45
47
53
54
54
54
56



vi m Contents

2.5

2.6
2.7

C hapter

31

3.2

3.3

3.4

3.5

3.6

3.7

MOTION IN A CENTRAL FORCE FIELD

25.1 Radial Coordinate System in R2

2.5.2 Linear Pendulum

25.3 Nonlinear Pendulum

254 A Short Introduction to Elliptic Functions
255 Motion of a Projectile on a Rotating Earth
2.5.6 A Particle in a Central Force Field

257 Motion of a Rocket

2.5.8 Multistage Rockets

2.5.9 Control of a Satellite in Orbit
GREENHOUSE EFFECT

CURRENT ENERGY BALANCE OF THE EARTH

2.7.1 Critique of the Model

2.7.2 Humanity and Energy

3 mSolutions of Systems of ODEs

REVIEW

31.1 Linear differential equations with constant coefficients
REVIEW OF LINEAR ALGEBRA

3.2.1 Eigenvalues and Eigenvectors
REFORMULATION OF SYSTEMS ODES

LINEAR SYSTEMS WITH CONSTANT COEFFICIENTS
NUMERICAL SOLUTION OF INITIAL VALUE PROBLEMS
35.1 Euler Algorithm

FINITE DIFFERENCE APPROXIMATIONS

3.6.1 Extension to Higher Dimensions

MODIFIED EULERAND RUNGE-KUTTA METHODS
3.7.1 Modified Euler Algorithm

3.7.2 Runge-Kutta Methods

64
64
66
68
70
70
71
72
75
78
83
87
89
89

91

92
92
97
97
101
103
107
108
115
120
121
121
124



3.8

Chapter

41
4.2

4.3
4.4
4.5
4.6
4.7

C hapter

5.1
5.2

5.3
5.4
5.5
5.6

5.7

C hapter

BOUNDARY VALUE PROBLEMS

4 mStability Theory

GENERAL INTRODUCTION

TWO SPECIES MODEL

4.2.1 Steady States

4.2.2 Stability Analysis

BASIC CONCEPTS

LINEARIZABLE DYNAMICAL SYSTEMS
LINEARIZABLE SYSTEMS IN TWO DIMENSIONS
LIAPOUNOV METHOD

PERIODIC SOLUTIONS (LIMIT CYCLES)

5 mBifurcations and Chaos

INTRODUCTION

BIFURCATIONS OF CO-DIMENSION ONE
521 Trans-critical Bifurcation

522 Saddle Point Bifurcation

5.2.3 Pitchfork Bifurcation

524 Subcriticai Bifurcation (Hysteresis)
5.2.5 Hopf Bifurcation

ROSSLER OSCILLATOR

LORENZ EQUATIONS

NERVE MODELS

MISCELLANEQUS TOPICS

5.6.1 Dimension

5.6.2 Liapunov Exponents

APPENDIX A: DERIVATION OF LORENZ EQUATIONS

6 mPerturbations

Contents m vii

127

133

134
138
139
140
143
150
154
159
166

173

174
175
176
177
178
180
182
187
194
196
199
199
203
206

209



vili m Contents

6.1
6.2
6.3
6.4
6.5

Chapter

7.1

7.2

7.3

7.4
7.5

7.6
7.7

Chapter

INTRODUCTION

MODEL EQUATIONS IN NON-DIMENSIONAL FORM

REGULAR PERTURBATIONS
SINGULAR PERTURBATIONS
BOUNDARY LAYERS

7 mModeling with Partial Differential Equations

THE HEAT (OR DIFFUSION) EQUATION
7.1.1 Burger’s Equation

7.1.2 Similarity Solutions

7.1.3 Stephan Problem(s)

MODELING WAVE PHENOMENA

7.2.1 Nonlinear Wave Equations

7.2.2 Riemann Invariants

SHALLOW WATER WAVES

7.3.1 Tsunamis

UNIFORM TRANSMISSION LINE

THE POTENTIAL (OR LAPLACE) EQUATION
7.5.1 Kirchoff Transformation

THE CONTINUITY EQUATION
ELECTROMAGNETISM

7.7.1 Maxwell Equations

7.7.2 Electrostatic Fields

7.7.3 Multipole Expansion

7.7.4 Magnetostatic

7.7.5 Electromagnetic Waves

7.7.6 Electromagnetic Energy and Momentum

7.0.7 Electromagnetic Potential

8 mSolutions of Partial Differential Equations

210
211
213
215
219

225

226
234
235
237
240
244
248
251
255
257
261
269
271
275
275
276
277
278
279
279
281

285



8.1

8.2
8.3

8.4

Chapter

9.1
9.2

9.3

9.4
9.5
9.6
9.7
9.8
9.9
9.10

METHOD OE SEPARATION OF VARIABLES

8.1.1 Method of Separation of Variables By Example

8.1.2 Non Cartesian Coordinate Systems

Contents m ix

286
286

304

8.1.3 Boundary Value Problems with General Initial Conditions 319

8.1.4 Boundary Value Problems with Inhomogeneous Equations 323

GREEN'S FUNCTIONS
LAPLACE TRANSFORM

8.3.1 Basic Properties of the Laplace Transform

8.3.2 Applications to the Heat Equation
NUMERICAL SOLUTIONS OF PDES

8.4.1 Finite Difference Schemes

8.4.2 Numerical Solutions for the Poisson Equation

8.4.2.1  Other Boundary Conditions

8.4.3 Irregular Regions

328
335
336
339
341
341
341
343
346

8.4.4 Numerical Solutions for the Heat and WaveEquations 349

9 mVariational Principles

353

EXTREMA OF FUNCTIONS.

CONSTRAINTS AND LAGRANGE MULTIPLIERS
CALCULUS OF VARIATIONS

9.3.1 Natural Boundary Conditions

9.3.2 Variational Notation

EXTENSIONS

APPLICATIONS

VARIATION WITH CONSTRAINTS

AIRPLANE CONTROL; MINIMUM FLIGHT TIME
APPLICATIONS IN ELASTICITY
RAYLEIGHRITZ METHOD

THE FINITE ELEMENT METHOD IN 2-D

354
355
357
363
363
364
366
371
374
378

380
383



x m Contents

9.11

Chapter

10.1
10.2

10.3
10.4
10.5
10.6
10.7
10.8
10.9

10.10
10.11

10.12
10.13

9.10.1 Geometrical Triangulations
9.10.2 Linear Interpolation in 2-D
9.10.3 Galerkin Formulation of FEM
APPENDIX

10 mModeling Fluid Flow

STRAIN AND STRESS

EQUATIONS OF MOTION FOR IDEAL FLUID

10.2.1  Continuity equation

10.2.2 Euler’s equations:

NAVIER-STOKES EQUATIONS

SIMILARITY AND REYNOLDS'NUMBER

DIFFERENT FORMULATIONS OF NAVIER-STOKES EQUATIONS
CONVECTION AND BOUSSINESQ APPROXIMATION
COMPLEX VARIABLES IN 2-D HYDRODYNAMICS
BLASIUS BOUNDARY LAYER EQUATION
INTRODUCTION TO TURBULENCE MODELING
10.9.1 Incompressible Turbulent Flow

10.9.2 Modeling Eddy Viscosity

10.9.3 k —e Model

10.9.4 The Turbulent Energy Spectrum

STABILITY OF FLUID FLOW

ASTROPHYSICAL APPLICATIONS

10.11.1 Derivation of the Model Equations

10.11.2 Steady State Model Equations

10.11.3 Physical Meaning of the Functions A(p), 5(p)
10.11.4 Radial Solutions for the Steady State Model
APPENDIX A - GAUSS THEOREM AND ITS VARIANTS

383
384
386
390

391

392
395
395
396
398
403
404
407
410
411
414
416
418
419
420
422
425
426
429
429
430
433

APPENDIX B - POINCARE INEQUALITY AND BURGER'S EQUATION 435



Contents m Xi

10.14 APPENDIX C - GRONWELL INEQUALITY 437
10.15 APPENDIX D - THE SPECTRUM 439
Chapter 11 mModeling Geophysical Phenomena 443
111 ATMOSPHERIC STRUCTURE 444
11.2 THERMODYNAMICS AND COMPRESSIBILITY 445
11.2.1  Thermodynamic Modeling 445

11.2.2 Compressibility 447

11.3 GENERAL CIRCULATION 448
11.4 CLIMATE 449
Chapter 12 mStochastic Modeling 457
121 INTRODUCTION 458
12.2  PURE BIRTH PROCESS 458
12.3 KERMACK AND MCKENDRICK MODEL. 462
12.4 QUEUING MODELS 465
125 MARKOV CHAINS 468

Chapter 13« Answers to Problems 473



