
Contents
Foreword ix
Preface x i
List of Solved Examples xvii

Chapter 1 Architecture of Mathematical Models 1

1.1 Introduction 1
1.2 Classification of Mathematical Models in Chemical and Biological

Engineering 3
1.3 Models Resulting in Algebraic Equations: Lumped-Parameter,

Steady-Slate Models 5
1.3.1 Example of a Phenomenological Model: The SR К

(Soave-Rediich-Kwong) Equation of State 5
1.3.2 Example of a Stage-Wise ^Separation Process 6
1.3.3 Example of Reactors in Series 9

1.4 Models Resulting in Ordinary Differential Equations: Initial Value
Problems 10
1.4.1 Concept of a Compartmental Model 11

(i) One-Compartment Model of Drug Metabolism
and Elimination 11

(ii) Two-Compartment Model
1.4.2 Two-Pool Urea Kinetic Model for Haemodialysis
1.4.3 Reactors in Series
1.4.4 Lumped-Parameter Modelling of a Bio-Artificial Membrane

Device for Controlled Insulin Release 18
1.4.5 Liquid Drainage from a Two-Tank Assembly 20

1.5 Models Resulting in Ordinary Differential Equations: Boundary Value
Problems 22
1.5.1 Heal Diffusion with Generation in a Composite Cylinder - The

Shell Balance Techinque 22
1.5.2 Modelling of Bio-Filtration 24
1.5.3 Modelling of a Differential Contactor for Extractive Fermentation 27

1.6 Models Resulting in Partial Differential Equations 29
1.6.1 Unsteady Heat Transfer through a Rectangular Fin 29
1.6.2 Unsteady-State Heat Conduction in a Rectangular Solid 31
1.6.3 Oxygen Transport in Tissues: The Krogh Cylinder 34
1.6.4 Absorption of a Drug through the Skin: A Combination of

Lumped and Distributed Parameter Models 37
1.6.5 Biohcat Transfer: The Pennes Equation 38
1.6.6 Slow Release of a Fertilizer through a Polymer Coating 39
1.6.7 Controlled Release of Drug from a Drug-Eluting Stent (DES)

to Prevent ‘Restenosis’ 41
1.7 Model Equations In Non-Dimensional Form 44
1.8 Concluding Comments 45
Exercise Problems 46
References 59

O
' 

-r*
. 

N
i



Vl Contents

Chapter 2 Ordinary Differential Equations and Applications 61

2.1 Introduction 61
2.2 Review of Solution of Ordinary Differential Equations 61

2.2.1 First-Order ODEs and Their Solutions 61
2.2.2 Modelling and Solution of Simple Physical Problems 64
2.2.3 Second- and Higher-Order Linear ODEs with Constant

Coefficients 74
2.2.4 The Cauchy-Euler Equation: A Higher-Order ODE

with Variable Coefficients 82
2.2.5 Examples of Mathematical Models Leading to Second-Order ODEs 84
2.2.6 Modelling of Neutron Diffusion and Nuclear Heat Generation 153

2.3 The Laplace Transform Technique 158
2.3.1 Definition of Laplace Transform 158
2.3.2 Properties of Laplace Transform 158
2.3.3 Inversion of Laplace-Transform 162
2.3.4 Solution of Problems Using Laplace Transform 163
2.3.5 Solution of a System of Linear Simultaneous ODEs

by C -Transform 166
2.4 Matrix Method of Solution of Simultaneous ODEs 172
2.5 Concluding Comments 178
Exercise Problems I79
References 221

Chapter 3 Special Functions and Solution of Ordinary Differential Equations
with Variable Coefficients 225

3.1 Introduction 225
3.2 The Gamma Function 225

3.2.1 Elementary Properties of the Gamma Function 226
3.2.2 Incomplete Gamma Function 227

3.3 The Bela Function 228
3.3.1 Elementary Properties of the Beta Function 228
3.3.2 Incomplete Bela Function 229

3.4 The Error Function 229
3.4.1 Integrals and Derivatives of Complementary Error Function 229
3.4.2 Error Function and Gaussian Function 230

3.5 The Gamma Distribution 231
3.6 Series Solution of Linear Second-Order ODEs with Variable Coefficients 234

3.6.1 A Few Definitions 234
3.6.2 Convergence of a Power Series 235
3.6.3 Series Solution at an Ordinary Point 236
3.6.4 Series Solution of a Second-Order ODE with Variable

Coefficients at a Regular Singular Point 239
3.7 Series Solution of Linear Second-Order ODEs Leading to Special

Functions 249
3.7.1 The Bessel Equation and Bessel Functions 250
3.7.2 Properties of Bessel Functions 254
3.7.3 Generating Function for Bessel Functions 256
3.7.4 Orthogonality Property of Bessel Functions 258
3.7.5 Modified Bessel Functions 265
3.7.6 Bessel Functions of the Third Kind 268



Contents vii

3.8 Legendre Differential Equation and the Legendre Functions 268
3.8.1 General Solution for Integral Values of the Parameter 269
3.8.2 Generating Function for Legendre Polynomials 271
3.8.3 Orthogonality of Legendre Polynomials 272

3.9 Hypergeometric Functions 274
3.9.1 Hypergeometric Equation and Hypergeometrie Functions 274
3.9.2 Confluent Hypergeometric Equation and Confluent

Hypergeometric Function (Kummer’s Function) 276
3.9.3 Confluent Hypergeometric Function of the Second Kind 277

3.10 Concluding Comments 299
Exercise Problems 300
References 311

Chapter 4 Partial Differential Equations 313

4.1 Introduction 313
4.2 Common Second-Order PDEs In Science And Engineering 314
4.3 Boundary Value Problems 315

4.3.1 A Simple Eigenvalue Problem 315
4.3.2 The Sturm-Liouville Problem (S-L Problem) 317

4.4 Types of Boundary Conditions 319
4.4.1 Dirichlet Boundary Condition or Boundary Condition

of the First Kind 319
4.4.2 Neumann Boundary Condition or Boundary Condition

of the Second Kind 319
4.4.3 Robin Boundary Condition or Boundary Condition of the Third

Kind 320
4.4.4 Time-Dependent Boundary Conditions -  The Duhamel Theorem 320

4.5 Techniques of Analytical Solution of a Second Order PDE 320
4.6 Examples: Use of the Technique of Separation of Variables 321
4.7 Solution of Non-Homogeneous PDEs 329

4.7.1 Method of Partial Solution 329
4.7.2 Method of Eigenfunction Expansion (or Method of Variation

of Parameters) 331
4.8 Similarity Solution 381
4.9 Moving Boundary Problems 397

4.9.1 Modelling of a Moving Boundary Problem in Heat Transfer 398
4.9.2 Modelling of Moving Boundary Problems on Diffusion

with an Instantaneous Reaction 402
4.10 Principle of Superposition 411
4.11 Green’s Function 427

4.11.1 Solution of an ODE using Green’s Functions 427
4.11.2 A Few Basic Properties of Green’s Functions 439
4.11.3 Solution of Higher Dimensional Equations in Terms of Green’s

Functions 439
4.11.4 Adjoint and Self-Adjoint Operators and Green’s Functions 440
4.11.5 Solution of the Diffusion Equation and Construction

of the Green’s Function 442
4.12 Concluding Comments 452
Exercise Problems 452
References 478



v"' Contents

Chapters Integral Transforms 481

5.1 Introduction 481
5.2 Definition of an Integral Transform 481
5.3 Fourier Transform 485

5.3.1 Fourier Cosine Transform and Fourier Sine Transform 485
5.3.2 Infinite Fourier Transform 487
5.3.3 Finite Fourier Transform 488

5.4 Laplace Transform 493
5.4.1 Basis of Laplace Transform and Inversion Formula 494
5.4.2 Inversion of Laplace Transforms 495
5.4.3 Convolution Theorem for Laplace Transform 497

5.5 Application to Engineering Problems 504
5.5.1 Diffusional Problems 504
5.5.2 Advection-Dispersion Problems 535

(i) Equation for Advection-Dispersion in a Flow Field 537
5.6 Concluding Comments 547
Exercise Problems 548
References 559

Chapter 6 Approximate Methods of Solution of Model Equations 561

6.1 Introduction 501
6.2 Order Symbols 501
6.3 Asymptotic Expansion 503
6.4 Perturbation Methods 504

6.4.1 Irregular or Essential Singular Point 564
6.4.2 Regular Perturbation 505
6.4.3 Singular Perturbation 579

6.5 Concluding Comments 588
Exercise Problems 589
References 590

Answers to Selected Exercise Problems 597

Appendix A: Topics in Matrices 019

Appendix B: Fourier Series Expansion and Fourier Integral Theorem 633

Appendix C: Review of Complex Variables 043

Appendix D: Selected Formulas and Identities 071

Appendix E: Brief Table of Inverse Laplace Transforms 077

Appendix F: Some Detailed Derivations 079

Index 085


