Martin Bohner + Svétlin G. Georgiev
Multivariable Dynamic Calculus on Time Scales

This book offers the reader an overview of recent developments of multivariable
dynamic calculus on time scales, taking readers beyond the traditional calculus texts.
Covering topics from parameter-dependent integrals to partial differentiation on time
scales, the book's nine pedagogically oriented chapters provide a pathway to this active
area of research that will appeal to students and researchers in mathematics and the
physical sciences. The authors present a clear and well-organized treatment of the
concept behind the mathematics and solution techniques, including many practical
examples and exercises.

Mathematics

ISBN 978-3-319-47619-3

783319 476193

» springer.com



L TN SIS .o et ettt e et e e e e et te e e e e e e e e e a e e e e

1.1 Forward and Backward Jump, Graininess.........ccccccevvvveesiveesvnnns
1.2 Induction PrinCIple.........coviiiiiiii e 17
1.3 Advanced Practical Problems............cccoiiiiiiii e 19
1.4 Notes and REfErenCeS........cccccviiieiiie e 22
2 Differential Calculus of Functions of One Variable............................ 23
2.1  Differentiable Functions of One Variable............c...ccoooveiiinnnnn, 23
2.2 Mean Value Theorems.........cccoceeiiie i 50
2.3 Chain RUIES......oooieie e 56
2.4 One-Sided DerivVatiVes.........cccccocueeiiiie i 69
2.5  Nabla Derivatives..........ccccooe i 73
2.6 EXIreme ValUES.......cocooiiiiiii e 75
2.7  Convex and Concave FUNCLIONS..........ccccccuveeeiiieee s i 82
2.8  Completely Delta Differentiable Functions.............ccccccoecvveiinnnenn, 86
2.9  Geometric Sense of Differentiability.........c...cccooveiiiiiiiiii 87
2.10 Advanced Practical Problems.........ccccoceiiiii i 92
2.11  Notes and RefErenCes.........cccoeveiiiiiie e 94
3 Integral Calculus of Functions of One Variable................ccccoooeen. 97
3.1  Regulated, rd-Continuous, and Pre-Differentiable Functions .... 97
3.2  Indefinite INntegral........c..ccooiiiie i 109
3.3  The Riemann Delta Integral..........cccccooviiiiiiiiii e, 1]
3.4  Basic Properties of the Riemann Integral............cccooeeeiiiieennnnenn. 123
3.5 Some Elementary FUNCLIONS..........cccoeiiiiiiiiiiee e, 149
3.5.1 Hilger's Complex Plane........ccccooiviieiiiie e 149
3.5.2 Exponential FUNCLION...........ccccoviiiie i, 160
3.5.3 Hyperbolic FUNCLIONS..........ccccoiiiiiiiiiiiie e 173
3.5.4 Trigonometric FUNCLIONS........ccceviiveiiiiiiiic e 184
3.6 Taylor's FOrmula..........cccccoove i 190
3.7 LLHOPItal's RUIE.......coooi e 199
3.8  Improper Integrals of the First Kind................ccoooei i, 205



3.9  Improper Integrals of the Second Kind............cccccooveviviiiiccnnnen.
3.10 Advanced Practical Problems.........cccocviiiiiinieniniene e
3.11 Notes and ReferenCeS........cccovviiiiiiiiiieieereee e
Sequences and Series Of FUNCLIONS.........cccoccveiiiiiniicccccie e
4.1 Uniform Convergence of Sequences of Functions............ccc.cceeuee.
4.2 Uniform Convergence of Series of Functions.............ccccceevenie.
4.3  Advanced Practical Problems..........cccccoooiiiiiiiiiiic e,
4.4 Notes and ReTErenCeS.........ccoiiiiiiiiiiiie e
Parameter-Dependent Integrals..........cccovoeeiiii e
51  Normal Parameter-Dependent Integrals..........ccccccovevieiieieennnene.
5.2  Improper Parameter-Dependent Integrals of the First Kind.........
5.3  Advanced Practical Problems........c...cccoooiiiiiiiiinniiiiee e,
5.4  Notes and REFEreNnCEeS.......cccveiiie i
Partial Differentiation on Time Scales.........c.cccovviviiiiiiiiiniee,
6.1  BasiC DefinitioNS.........ccoooviiiiiiinie i
6.2  Partial Derivatives and Differentiability............ccccociviiinninnnnn
6.3  Completely Differentiable Functions............cccocoviiiniininininnnn,
6.4  Geometric Sense of Differentiability...........cccoconviniiiiiiiiiinnn
6.5  Sufficient Conditions for Differentiability..........cccocovininiininnnn.
6.6  Equality of Mixed Partial Derivatives...........ccccccevcviiiviiieeiieenennnnnn
6.7  The Chain RUIE........ccoe i
6.8  The Directional DerivatiVe...........cccoocveviiiiiniieiiesie e
6.9  IMPliCIt FUNCHIONS.......cciiiiiieee e
6.10 Advanced Practical Problems..........cccooviiiiiiiiiciinieece e
6.11 Notes and ReferenCeS........cocvvivieiiiie i
Multiple Integration on Time Scales..........cccocevviiiiiii i
7.1 Multiple Riemann Integrals over Rectangles.............ccccccovvvvennne.
7.2 Properties of Multiple Integrals over Rectangles.............ccccceouen.e.
7.3 Multiple Integration over more General Sets.........cccocvvviviiiniienne
7.4  Advanced Practical Problems..........ccccccooiiiii i,
7.5  Notes and ReferenCeS.........ccceviiiiiiiiiieeeresee e
Line INtegralsS.......ccoiiiiiiiece e

8.1  Length of Time Scale CUNVES........cccoocviiiiiiiieieeeee e
8.2  Line Integrals of the First Kind........cccocooviiiiinniicen,
8.3  Line Integrals of the Second Kind..........cccooooiiniiiiiiiniininicee,
8.4  Green’s FOrMUIA.........coooiiiiiiie e
8.5  Advanced Practical Problems.........cccccvviiiiiiiiici e
8.6  Notes and ReferencCes........ccccceivieeiiieiie s
Surface INtegralsS.........ccooveiiiiiiie s

0.1 SUITACE ATBAS....c.ei ittt

0.2 Surface J1-INtegrals.........cccovviiiiiiiiiiiiie e



Contents Xiii

9.3  Advanced Practical Problems 596
9.4 Notes and References.......... 597
RETEIrENCES. ..oevveeeeeeeee e eeeens 599

INACX e 601



