1.

Table of Contents

VECtor AlGeDra. e 1
11 VeCtors and SCalarS.....cccoveiiiiienisiee e 1
1.1.1 Definition of a vector and a scalar........cccoccevvvvniniennne 1
1.1.2  Addition Of VECIOIS ...ocovviiiiiieiceieceeee e 2
1.1.3 Components of @ VECTON.....cccvvevieeiee e 3
12 DOt PrOoTUCT...ciiiiiie et 4
121 Applications of the dot product........ccccevvvieiinieninnenns 7
1.3 CroSS PrOUUCT....cceiiieiiieieee et 9
1.3.1 Applications of the cross product.........ccccoccevvviveiiieennenn, 1
1.4 Scalar triple ProducCt.......ccccoceeiiiiiiiiie e 14
15 Vector triple product .......cccoocveiieiie e 16
1.6 Scalar fields and vector fields..........cccvvviieiiinii i, 17
Line, Surface and Volume IntegralS......ccccviiiiiiiiiiiciecceen, 21
21 Applications and methods of integration.........cccccceeveviiiiiieeiiennnn 21
2.1.1 Examples of the use of integration...........cccccevveviveinennn. 21
2.1.2 Integration by substitution ...........ccccocviiiiiiiiiie e, 22
2.1.3 Integration DY PartS.....ccccoeiieiiiecie e 23
2.2 LINE INTEQIralS....ccvee e 25
2.2.1 Introductory example: work done against a force........... 25
2.2.2 Evaluation of line integralS........ccccocevviiiiiiiiiicciccec 26
2.2.3 Conservative vector fields.........ccooereiinniniiniie e 28
2.2.4 Other forms of line integralS........ccccocoveviiiiieiic i 30
2.3 Surface INtegralS........ccccviiviiiiii e 31
2.3.1 Introductory example: flow through a pipe......ccceevenee. 31
2.3.2 Evaluation of surface integralS .........cccoooniniiiiniinnnne 33
2.3.3 Other forms of surface integralS.......ccccccoevvvevceeiieecnnnne, 38

2.4 VolUME INTEGIAlS. oo 39



viii Vector Calculus

24.1 Introductory example: mass of an object with variable

ENSIY it 39
2.4.2 Evaluation of volume integralS.........ccccoeviveviiiieiiciieins 40
3. Gradient, Divergence and CuUrl.....ccciiiiiiiiiiiiesieceeceeci, 45
3.1 Partial differentiation and Taylor Series.........cccccoevvveiveiiesieennn. 45
3.1.1 Partial differentiation........cccccovevieinnininie e 45
3.1.2 Taylor series in more than one variable................cc.o......... 47
3.2 Gradient of a scalar field........cccooooviiiiiiiiniii 49
3.2.1 Gradients, conservative fields and potentials.................... 51
3.2.2 Physical applications of the gradient..........cccoccevvevveinenne 52
3.3 Divergence of a vector field........ccccooveviiiieiece e 53
3.3.1 Physical interpretation of divergence........ccccevvvveiivennenn, 55
3.3.2 Laplacian of a scalar field .........ccoovvviiiiiiniic 55
3.4 Curl of a vector field........ccocoviiiiii 58
34.1 Physical interpretation of curl.........cccooooiiiiiiiiiiineee 60
3.4.2 Relation between curl and rotation.........cccccevcvevieennnn, 61
3.4.3 Curl and conservative vector fields ...........ccccccevviiiinnnns 61
4. Suffix Notation and its ApplicationS......ccccevvviiiieciecie e, 65
4.1 Introduction to sUffix NOTAtION.....ccccviieiiiiiice e 65
4.2 The Kronecker delta Sij..ccccceeiieeiiieiiee e 68
4.3 The alternating tensor 6N * ........cccccveviee e 70
4.4 Relation between tijk  and 8ij .....cccccoevviiiiiieiiiie e 72
45 Grad, div and curl in  suffix Notation......ccccevvvvveeeeeeeeeeeeis 74
4.6 Combinations of grad, divand curl..........cccoooeiiiiiii e, 76
4.7 Grad, div and curl applied to products of functions................... 78
5. Integral TheOTEM S s 83
51 DIvergence thEOIreM .......cocvviiieeiie e 83
51.1 Conservation of mass fora fluid.........c.cccee vev ceviviiiennnnne 85
5.1.2 Applications of the divergence theorem..........c.ccccevvenene. 87

5.1.3 Related theorems linkingsurfaceand volumeintegrals .. 838
5.2 StoKeS™s thEOTEM .....ocueiiiicece e a1
52.1 Applications of Stokes’s theorem........cccoeevvvevveieenieene a3
5.2.2 Related theorems linking line and surfaceintegrals........... 9%
6. Curvilinear CoordiNatesS....ccoiiiiieiiiieie s e 9
6.1 Orthogonal curvilinear COOrdinates.........cccoouevvvviieeiiieiiiesrieeseenen, 99
6.2 Grad, div and curl in orthogonal curvilinear coordinate systems 104
B.21  Gradient. .o 104

6.2.2 DIVEIGENCE....oiiii ettt 105



TaHeJ>f _Contents —

6.23 CUlM i 106

63 Cylindrical polar coordinates..........cccovveiiiiiiieiie i 107
6*4  Spherical polar coOrdinates........ccoceveiiiiiiiiiineeee e 110
7> CarteSian TENSOTS ittt sbe e raeanre e 115
* 71 Coordinate transformations........c.ccooviieriieiisie e 115
7.2 Vectors and SCalarsS......cocoeiiiiiiic s 117
A T =1 0 1101 5 TSP RTPPRTUPRPIN 119
731 The qUOIENt TUIE.....coiiiececee e 120

7.3.2 Symmetric and anti-symmetric tenSorsS.......ccccevveviveiiveenen. 122

7.3.3  ISOLrOPIC TENSOIS ...oiveiiiiieeeiee e 123

7.4  Physical examples 0f teNSOTS.....cccceviiiiiieie e 126
741 ONMS HAW...oiiicicicee e 126

7.4.2 The INertia teNSO . ..o 127

8. Applications of Vector CalculuS......ccccoiiiiiiiiiiiiiiieecce e 131
8.1 Heat tranSTer. ..o 132
8.2 ElectromagnetiSm ..ot 134
8.2.1 EIECtrOStAtICS...cooicviiieciiiceeceece e 135

8.2.2 Electromagnetic waves in avaCuUM.........cccccevvurnerenirirenennnnn. 137

8.3 Continuum mechanics and the stress tensor........cccoevvvieererennnee. 140
8.4 SOl MECNANICS. ..o 143
8.5  FIUId MECHANICS. ..o e 145
8.5.1 Equation of motion fora fluid..............cccoeveviviiiiiciiiieeen, 146

8.5.2 The VOrtiCity equUatioN.......ccovveeieirirceceee e 147

8.5.3 Bernoulli’s equatioN........ccccceevveeieiinicece e 149
SO TU IO NS ettt 153

Index 181



