
C onten ts

Preface to the Second Edition xiii

Preface to the First Edition xv

Enumeration of items and cross-references xix

1 Algebraic geometry: basic definitions and results 1

1 Introduction ........................................................................................................  1
2 Commutative algebra ......................................................................................... 2

2.1 Ring and field e x ten sio n s ......................................................................  2
2.2 Hilbert’s Nullstellensatz.........................................................................  5
2.3 Separability............................................................................................... 7
2.4 Faithfully flat ring extensions................................................................  9
2.5 Regular local r in g s ................................................................................... 10

3 Algebraic subsets of the affine s p a c e ................................................................  11
3.1 Basic defin itions...................................................................................... 11
3.2 The Zariski topology................................................................................ 13
3.3 Polynomial maps. M orphism s................................................................  15

4 Algebraic v a rie tie s ............................................................................................... 17
4.1 Sheaves on topological sp aces................................................................  18
4.2 The maximal spectrum .........................................................................  20
4.3 Affine algebraic varieties.........................................................................  21
4.4 Algebraic v a rie tie s ..................................................................................  26

5 Exercises ..............................................................................................................  35

2 Algebraic varieties 41

1 Introduction ........................................................................................................ 41
2 Morphisms of algebraic varieties ......................................................................  42
3 Complete v a rie tie s ............................................................................................... 46
4 Singular points and normal v a rie tie s ................................................................  47
5 The Proj variety associated to a graded algebra ........................................... 50
6 Deeper results on m orph ism s............................................................................  55

vii



7 Algebraic varieties and k-schemes ...................................................................  61
8 Exercises .............................................................................................................. 69

3 Lie algebras 75

1 Introduction ........................................................................................................ 75
2 Definitions and basic concepts .........................................................................  76
3 The theorems of F. Engel and S. L i e ................................................................  78
4 Semisimple Lie a lg e b ra s .....................................................................................  83
5 Cohomology of Lie a lg eb ras...............................................................................  87
6 The theorems of H. Weyl and F. Levi ..............................................................  93
7 p-Lie algebras ..................................................................................................... 95
8 Exercises .............................................................................................................. 97

4 Algebraic groups: basic definitions 101

1 Introduction ........................................................................................................ 101
2 Definitions and basic concepts .........................................................................  102
3 Subgroups and homomorphisms ......................................................................  106
4 Actions of affine groups on algebraic varie ties................................................. 108
5 Subgroups and semidirect products ..............................................................  112
6 Exercises .............................................................................................................. 116

5 Algebraic groups: Lie algebras and representations 121

1 Introduction .......................................................................................................  121
2 Hopf algebras and algebraic groups ..............................................................  122
3 Rational G -m odu les...........................................................................................  127
4 The category of rational G-modules ..............................................................  135
5 Representations of SL2 .....................................................................................  136
6 Characters and sem i-invariants.........................................................................  138
7 The Lie algebra associated to an affine algebraic group ..............................  140
8 Explicit com putations........................................................................................  143
9 Exercises .............................................................................................................  148

6 Algebraic groups: Jordan decomposition and applications 155

1 Introduction .......................................................................................................  155
2 The Jordan decomposition of a single o p e ra to r ........................................   156
3 The Jordan decomposition of an algebra homomorphism and of a derivation 159
4 The Jordan decomposition for coalgebras ....................................................... 161
5 The Jordan decomposition for an affine algebraic g r o u p ................................ 165

viii Contents



Contents ix

6 Unipotency and sem isim plicity.........................................................................  168
7 The solvable and the unipotent radical ..........................................................  173
8 Structure of solvable groups ............................................................................  177
9 The classical g ro u p s ...........................................................................................  182

9.1 The general linear group GLn ................................................................ 182
9.2 The special linear group SLn (case A ) ................................................. 183
9.3 The projective general linear group PGLn(Ik) (case A ) .......................  184
9.4 The special orthogonal group SOn (cases B, D) ..............................  184
9.5 The symplectic group Spn, n =  2m (case C ) .......................................  185

10 Exercises .............................................................................................................  186

7 Actions of algebraic groups 191

1 Introduction .......................................................................................................  191
2 Actions: examples and first p ro p e rtie s .............................................................  192
3 Basic facts about the geometry of the orbits ................................................. 195
4 Categorical and geometric q u o tie n ts ................................................................  197
5 Affinized q u o tien ts ..............................................................................................  206
6 The subalgebra of invariants ............................................................................  208
7 Induction and restriction of representations.................................................... 211
8 Exercises .............................................................................................................  216

8 Homogeneous spaces 221

1 Introduction .......................................................................................................  221
2 Embedding i7-modules inside G-modules .......................................................  222
3 Definition of subgroups in terms of sem i-invariants........................................ 225
4 The coset space G /17 as a geometric quotient .............................................. 231
5 Quotients by normal subgroups ......................................................................  232
6 Applications and examples ...............................................................................  235
7 Exercises .............................................................................................................  240

9 Algebraic groups and Lie algebras in characteristic zero 243

1 Introduction .......................................................................................................  243
2 Correspondence between subgroups and subalgebras....................................  244
3 Algebraic Lie a lg eb ras ........................................................................................  249
4 Exercises .............................................................................................................  252

10 Reductivity 255

1 Introduction 255



2 Linear and geometric red u c tiv ity ...................................................................... 257
3 Examples of linearly and geometrically reductive g ro u p s ..............................  265
4 Reductivity and the structure of the group .................................................... 270
5 Reductive groups are linearly reductive in characteristic zero .....................  274
6 Exercises .....................................................................    275

11 Observable subgroups of affine algebraic groups 279

1 Introduction .......................................................................................................  279
2 Basic definitions .................................................................................................  280
3 Induction and observability...............................................................................  282
4 Split and strong observability............................................................................  285
5 The geometric characterization of observability.............................................. 291
6 Exercises .............................................................................................................  293

12 Affine homogeneous spaces 295

1 Introduction .......................................................................................................  295
2 Geometric reductivity and observability .......................................................... 296
3 Exact subg roups.................................................................................................  297
4 From quasi-affine to affine homogeneous sp a c e s .............................................  298
5 Exactness, Reynolds operators, total integrals .............................................  299
6 Affine homogeneous spaces and e x ac tn e ss ....................................................... 302
7 Affine homogeneous spaces and reductivity .................................................... 304
8 Exactness and integrals for unipotent groups ................................................. 305
9 Exercises .............................................................................................................  307

13 Hilbert’s 14th problem 309

1 Introduction .......................................................................................................  309
2 A counterexample to Hilbert’s 14th problem ................................................. 311
3 Reductive groups and finite generation of invariants ....................................  318
4 V. Popov’s converse to Nagata’s theorem ....................................................... 321
5 Partial positive answers to Hilbert’s 14th problem .......................................  323
6 Geometric characterization of Grosshans pairs .............................................. 328
7 Exercises .............................................................................................................  329

14 Quotient varieties: basic results 333

1 Introduction .......................................................................................................  333
2 Actions by reductive groups: the semigeometric quotient ...........................  334
3 Actions by reductive groups: the geometric quotient ....................................  339

x Contents



Contents X I

4 Canonical forms of matrices: a geometric perspective .................................  344
5 Rosenlicht’s theo rem ........................................................................................... 346
6 Induced actions and homogeneous fiber bundles ..........................................  348
7 Revisiting affinized q u o tie n ts ............................................................................ 353
8 Further results on invariants of finite groups ................................................  355

8.1 Invariants of graded a lg e b ra s ................................................................ 356
8.2 Polynomial subalgebras of polynomial a lg eb ras .................................  358
8.3 The case of a group generated by reflections.......................................  360
8.4 The degree of the fundamental invariants for a finite g r o u p ............  362

9 Exercises ............................................................................................................. 363

15 Observable actions of affine algebraic groups 367

1 Introduction ....................................................................................................... 367
2 Basic definitions ................................................................................................. 368
3 Observable actions and unipotency ................................................................ 371
4 The geometry of observable actions ................................................................ 371
5 The algebraic viewpoint on observable actions .............................................  374
6 Observable actions of reductive groups .......................................................... 376
7 Exercises ............................................................................................................. 377

16 Quotient varieties: an introduction to geometric invariant theory 379

1 Introduction ....................................................................................................... 379
2 One parameter subgroups and actions of Gm ................................................  380

2.1 One parameter subgroups...................................................................... 380
2.2 Actions of Gm on affine v a rie tie s .........................................................  385

3 Reductive groups acting on affine algebraic v a rie tie s ....................................  388
3.1 Stable points — affine c a s e ................................................................... 388
3.2 Semistable points — affine c a se ............................................................  391
3.3 Hilbert-Mumford criterion in the affine case.......................................  398

4 Actions of reductive groups on projective v a r ie tie s .......................................  410
4.1 Linear actions on the projective s p a c e ................................................  410
4.2 Actions on projective varieties ............................................................. 417

5 Exercises ............................................................................................................. 418

Appendix: basic definitions and results 423
1 Introduction ....................................................................................................... 423
2 N o ta tio n s............................................................................................................. 423

2.1 Category th e o r y ..................................................................................... 423
2.2 General topology..................................................................................... 423
2.3 Linear a lg e b ra ........................................................................................ 424



Contents

2.4 Group th e o ry ............................................................................................  425
3 Rings and modules ............................................................................................  426
4 Representations ..................................................................................................  430

B ibliography 433

G lossary o f N o ta tio n s 445

A uthor Index  449

Index  451

xii


