VOLUME TWO

9 SEQUENCES AND SERIES OF FUNCTIONS

9.1
9.2
9.3

9.4

9.5

9.6

Introduction

Pointwise Limits

Uniform Limits

9.3.1 The Cauchy Criterion

9.3.2 Weierstrass A/-Test

90.3.3  Abel’s Test for Uniform Convergence
Uniform Convergence and Continuity

9.4.1 Dini’s Theorem

Uniform Convergence and the Integral

9.5.1 Sequences of Continuous Functions
9.5.2 Sequences of Riemann IntegrableFunctions
9.5.3 Sequences of Improper Integrals
Uniform Convergence and Derivatives

365

366
366
367
373
375
377
378
383
385
387
387
389
391
393



Vil

10

11

9.6.1 Limits of Discontinuous Derivatives
9.7 Pompeiu’s Function
9.8 Continuity and Pointwise Limits
9.9 Challenging Problems for Chapter 9

POWER SERIES
10.1 Introduction
10.2 Power Series: Convergence
10.3 Uniform Convergence
10.4 Functions Represented by Power Series
10.4.1 Continuity of Power Series
10.4.2 Integration of Power Series
10.4.3 Differentiation of Power Series
10.4.4 Power Series Representations
10.5 The Taylor Series
10.5.1 Representing a Function by a Taylor Series
10.5.2 Analytic Functions
10.6 Products of Power Series
10.6.1 Quotients of Power Series
10.7 Composition of Power Series
10.8 Trigonometric Series
10.8.1 Uniform Convergence of Trigonometric Series
10.8.2 Fourier Series
10.8.3 Convergence of Fourier Series
10.8.4 Weierstrass Approximation Theorem

THE EUCLIDEAN SPACES Rn
11.1 The Algebraic Structure of Rn
11.2 The Metric Structure of Rn
11.3 Elementary Topology of Rn
11.4 Sequences in Rn
11.5 Functions and Mappings
11.5.1 Functions from R" — R
11.5.2 Functions from R” — Rm
11.6 Limits of Functions from R" —* Rm
11.6.1 Definition
11.6.2 Coordinate-Wise Convergence
11.6.3 Algebraic Properties
11.7 Continuity of Functions from R" to Rw
11.8 Compact Sets in Rn
11.9 Continuous Functions on Compact Sets
11.10 Additional Remarks

394
397
399
402

404
404
404
410
412
412
413
414
416
418
420
422
424
425
426
428
428
429
430
433

437
437
439
442
445
448
449
451

453
453
455
458
458
461
462
463



12 DIFFERENTIATION ON M"

12.1
12.2

12.3
124

12.5

12.6

12.7
12.8

Introduction

Partial and Directional Derivatives
12.2.1 Partial Derivatives

12.2.2 Directional Derivatives

12.2.3 Cross Partials

Integrals Depending on a Parameter
Differentiable Functions

12.4.1 Approximation by Linear Functions
12.4.2 Definition of Differentiability
12.4.3 Differentiability and Continuity
12.4.4 Directional Derivatives

12.4.5 An Example

12.4.6 Sufficient Conditions for Differentiability

12.4.7 The Differential

Chain Rules

12.5.1 Preliminary Discussion
12.5.2 Informal Proof of a Chain Rule
12.5.3 Notation of Chain Rules
12.5.4 Proofs of Chain Rules (1)
12.5.5 Mean Value Theorem
12.5.6 Proofs of Chain Rules (I1)
12.5.7 Higher Derivatives
Implicit Function Theorems

12.6.1 One-Variable Case

12.6.2 Several-Variable Case
12.6.3 Simultaneous Equations
12.6.4 Inverse Function Theorem
Functions From M — [Rm
Functions From R Mm

12.8.1 Review of Differentialsand Derivatives
12.8.2 Definition of the Derivative
12.8.3 Jacobians

12.8.4 Chain Rules

12.8.5 Proof of Chain Rule

13 METRIC SPACES

13.1
13.2
13.3

13.4

Introduction

Metric Spaces—Specific Examples
Additional Examples

13.3.1 Sequence Spaces

13.3.2 Function Spaces
Convergence

467
oy
467
469
471
477
476
480
48!
481
485
486
488
490
4T

494
494
497
498
500
502
503
505
507
508
511
514
517
520
523
524
526
527
530
532

537
537
539
543
543
545
548



13.5 Sets in a Metric Space
13.6 Functions
13.6.1 Continuity
13.6.2 Homeomorphisms
13.6.3 Isometries
13.7 Separable Spaces
13.8 Complete Spaces
13.8.1 Completeness Proofs
13.8.2 Subspaces of a Complete Space
13.8.3 Cantor Intersection Property
13.8.4 Completion of a Metric Space
13.9 Contraction Maps
13.10 Applications of Contraction Maps (1)
13.11 Applications of Contraction Maps (11)
13.11.1 Systems of Equations (Example 13.79 Revisited)
13.11.2 Infinite Systems (Example 13.80 revisited)
13.11.3 Integral Equations (Example 13.81 revisited)
13.11.4 Picard’s Theorem (Example 13.82 revisited)
13.12 Compactness
13.12.1 The Bolzano-Weierstrass Property
13.12.2 Continuous Functions on Compact Sets
13.12.3 The Heine-Borel Property
13.12.4 Total Boundedness
13.12.5 Compact Sets in C[a, b]
13.12.6 Peano’s Theorem
13.13 Baire Category Theorem
13.13.1 Nowhere Dense Sets
13.13.2 The Baire Category Theorem
13.14 Applications of the Baire Category Theorem
13.14.1 Functions Whose Graphs “Cross No Lines”
13.14.2 Nowhere Monotonie Functions
13.14.3 Continuous Nowhere Differentiable Functions
13.14.4 Cantor Sets
13.15 Challenging Problems for Chapter 13

SUBJECT INDEX

552
558
560
564
570
573
575
576
578
578
579
581
588
591
591
592
594
595
597
597
600
602
604
607
611
614
614
617
620
620
623
624
625
627

639



