Leibniz Algebras: Structure and Classification is designed to introduce the
reader to the theory of Leibniz algebras.

Leibniz algebra is the generalization of Lie algebras. These algebras preserve
a unique property of Lie algebras that the right multiplication operators are
derivations. They first appeared in papers of A.M. Blokh in the 1960s, under the
name D-algebras, emphasizing their close relationship with derivations. The theory
of D-algebras did not get as thorough an examination as it deserved immediately
after its introduction. Later, the same algebras were introduced in 1993 by Jean-
Louis Loday, who called them Leibniz algebras due to the identity they satisfy. The
main motivation for the introduction of Leibniz algebras was to study the periodicity
phenomena in algebraic K-theory.

Nowadays, the theory of Leibniz algebras is one of the more actively developing
areas of modern algebra. Along with (co)homological, structural and classification
results on Leibniz algebras, some papers with various applications of the Leibniz
algebras also appear now. However, the focus of this book is mainly on the classifi-
cation problems of Leibniz algebras. Particularly, the authors propose a method of
classification of a subclass of Leibniz algebras based on algebraic invariants. The
method is applicable in the Lie algebras case aswell.

Features

* Provides a systematic exposition of the theory of Leibniz algebras and recent
results on Leibniz algebras

« Suitable for final year bachelor’s, master’s and PhD students going into
research in the structural theory of finite-dimensional algebras, particularly,
Lie and Leibniz algebras

e Covers important and more general parts of the structural theory of Leibniz
algebras that are not addressed in other texts

CRC Press

Taylor & Francis Group

an informa business

www.crcpress.com

CRC Press titles are available as eBook editions in a range of digital formats


http://www.crcpress.com

Preface Xili

Acknowledgments XV
Authors XVii
Notations and Conventions XIX
Chapter 1 BINTRODUCTION 1
1.1  ALGEBRAS 1
1.2 ASSOCIATIVE ALGEBRAS 10
1.3 LIE ALGEBRAS 12
1.3.1  Simple Lie algebras 14
1.3.2 Solvable and nilpotent Lie algebras 17
1.3.3  Semisimple Lie algebras 20
1.3.4  More on finite-dimensional Lie algebras 25
1.4 LODAY ALGEBRAS 26
141  Leibniz algebras 27
1.4.2  Associative dialgebras 34

1.4.3  Universal enveloping algebra (Poincaré-Birkhoff-
Witt Theorem) 36
1.4.4  Zinbiel algebras 37

145  Dendriform algebras: Koszul dual ofassociative

dialgebras 38

1.4.6  Loday diagram and Koszul duality 40



3.5
3.6

3.7
3.8

C hapter

4.1

4.2

4.3

Contents m ix

RIGIDITY OF LIE AND LEIBNIZ ALGEBRAS 124
LEIBNIZ COHOMOLOGY COMPUTATIONS 129
3.6.1  Leibniz cohomology 129
3.6.2  Leibniz cohomology of rigid Lie algebras 130
3.6.3  Non-triviality of Leibniz cohomology 132
RIGID LEIBNIZ ALGEBRA WITH NON-TRIVIAL HL2 134
LIE-RIGIDITY VERSUS LEIBNIZ-RIGIDITY 138
3.8.1  Necessary criteria for rigidity of

Leibniz algebras 147

3.8.1.1 Invariance Argument 1 147

3.8.1.2 Invariance Argument 2 148

3.8.1.3 Invariance Argument 3 148

3.8.1.4 Invariance Argument 4 149

3.8.1.5 Invariance Argument 5 149
3.8.2  Applications of invariance arguments to varieties

of low-dimensional Leibniz algebras 150

3.8.21 Two-dimensional Leibniz algebras 150
3.8.3  Variety of three-dimensional nilpotent Leibniz

algebras 150
3.8.4  Three-dimensional rigid Leibniz algebras 152
3.8.5  Rigid nilpotent Leibniz algebras in dimension four 153

4 mON SOME CLASSES OF LEIBNIZ
ALGEBRAS

159

IRREDUCIBLE COMPONENTS OF A SUBCLASS
OF NILPOTENT LEIBNIZ ALGEBRAS

CLASSIFICATION OF NATURALLY GRADED
COMPLEX FILIFORM LEIBNIZ ALGEBRAS

159

164

CLASSIFICATION OF SOME SOLVABLE LEIBNIZ
ALGEBRAS

176



viii = Contents

C hapter

2.1
2.2
2.3

2.4
2.5

2.6

C hapter

31

3.2
3.3

3.4

2 - STRUCTURE OF LEIBNIZ ALGEBRAS 41
SOME PROPERTIES OF LEIBNIZ ALGEBRAS 41
NILPOTENT AND SOLVABLE LEIBNIZ ALGEBRAS 42
ON LEVI'S THEOREM FOR LEIBNIZ ALGEBRAS 46
2.3.1  On conjugacy of Levi subalgebras of Leibniz

algebras 48
2.3.2  On conjugacy of Levi subalgebras of complex

Leibniz algebras 55
SEMISIMPLE LEIBNIZ ALGEBRAS 60
ON CARTAN SUBALGEBRAS OF FINITE-DIMENSIONAL
LEIBNIZ ALGEBRAS 67
SOME PROPERTIES OF WEIGHT SPACES OF

LEIBNIZ ALGEBRAS AND CARTAN'S
CRITERION OF SOLVABILITY 74

3 mCLASSIFICATION PROBLEM IN LOW
DIMENSIONS 79

ALGEBRAIC CLASSIFICATION OF LOW-DIMENSIONAL

LEIBNIZ ALGEBRAS 79
3.1.1  Classification of Lie algebras 79
3.1.2  Low-dimensional complex Leibniz algebras 80
3.1.21 Two-dimensional Leibniz algebras 80
3.1.2.2 Three-dimensional Leibniz algebras 81
APPLICATION 88

LOW-DIMENSIONAL NILPOTENT LEIBNIZ ALGEBRAS 91

3.3.1  Four-dimensional nilpotent complex Leibniz
algebras 94

FOUR-DIMENSIONAL SOLVABLE LEIBNIZ ALGEBRAS 104

3.4.1  Four-dimensional solvable Leibniz algebras
with two-dimensional nilradical 108

3.4.2  Four-dimensional solvable Leibniz algebras
with three-dimensional nilradical 110



X m  Contents

C hapter

5.1

5.2

C hapter

6.1
6.2

6.3
6.4

6.5
6.6

Sm|SOMORPHISM CRITERIA FOR FILIFORM
LEIBNIZ ALGEBRAS

ON BASE CHANGES IN COMPLEX FILIFORM LEIBNIZ
ALGEBRAS

CRITERIA OF ISOMORPHISMS OF COMPLEX
FILIFORM NON-LIE LEIBNIZ ALGEBRAS

521 Isomorphism criteria
5.2.2  Classification procedure
5.2.2.1 Classification algorithm and invariants

for FLb i

5.2.2.2 Classification algorithm and invariants
for SLb,,+i

5.2.2.3 Classification algorithm and invariants
for TLbrt+i

6 mCLASSIFICATION OF FILIFORM LEIBNIZ
ALGEBRAS IN LOW DIMENSIONS

ISOMORPHISM CRITERIA FOR FIRST CLASS

CLASSIFICATION OF FIRST CLASS IN LOW
DIMENSIONS

6.2.1 Classification in dimension five
6.2.2 Classification in dimension six
ISOMORPHISM CRITERIA FOR SECOND CLASS

CLASSIFICATION OF SECOND CLASS IN LOW
DIMENSIONS

6.4.1  Classification in dimension five

6.4.2  Classification in dimension six
SIMPLIFICATIONS AND NOTATIONS IN THIRDCLASS
CLASSIFICATION IN DIMENSION FIVE

6.6.1 Isomorphism classes in TLbs

195

195

200
210
212

213

216

219

223

223

229
229
231
234

234
235
237
239
240
242



Contents m xi

6.7 CLASSIFICATION IN DIMENSION SIX 245
6.7.1 Isomorphism classes in TLb6 246

Appendix A mLinear Algebra 251
Al VECTOR SPACES AND SUBSPACES 251
A.2 LINEAR TRANSFORMATIONS 254
A.3 DUAL VECTOR SPACE 254
A.4 TENSOR PRODUCTS 255
A5 TENSOR ALGEBRA 256
A.6 MATRIX OF A LINEAR TRANSFORMATION 257
A.7 JORDAN NORMAL FORM 261
Appendix B mElements of Representation Theory 269
Appendix C mZariski Topology 273
Cl ACTION OF A GROUP 279
C.2 ALGEBRAIC GROUPS 279
Bibliography 283

Index 301



