Contents

Preface t0 the SecoNd EditiON.........cccoiiiiiiiiie e vii
Preface t0 the First EQITION........cccoooiiiiiece e iX
Acknowledgments to the Second Edition.............cccccevviieiicie v Xi
Acknowledgments to the First EAition...........ccoccoviiiiiicicc e Xiii
Introduction to Rational Points on Plane CUrVeS.........ccccccocvvoveievviviienie e !
I Rational Lines in the Projective Plane...........ccccooooiiniiciiiiiicicie 2
2 Rational Points 0N CONICS ...c.ovveieiieiiiiieieeeese e 4
3 Pythagoras, Diophantus, and Fermat.............cccceoeevineneneincnenesnne 7
4 Rational Cubics and Mordell’s Theorem .........cccccvivviievinineece e 10
5  The Group Law on Cubic Curves and Elliptic Curves ...........c.co...... 13
6  Rational Points on Rational Curves. Fallings and the Mordell
(0701 ] =101 (1] =TSSR 17
7 Real and Complex Points on Elliptic CUrVes.........cccocvveivieveveenae 19
8  The Elliptic Curve Group Law on the Intersection of Two Quadrics
iN Projective TRree SPace........ccccovviiiiiniiieeieeee s 20

| Elementary Properties of the Chord-Tangent Group Law

0N @ CUDIC CUIVE ittt 23
I Chord-Tangent Computational Methods on a
NOrmMal CUDIC CUNVE......cii et 23
2 llustrations of the Elliptic Curve Group Law ......c.cccccvvveevieniciiennens 28
3 The Curves with Equations y2 = x3 + ax and y2 = X3 + a............ 34
4 Multiplication by 2 on an Elliptic Curve...........ccccoovovinininiincien 38
5  Remarks on the Group Law on Singular CubicCs.........cc.ccoceviiviininnnn. 41
2 Plane AlgebraiCc CUFNVES........coviiiii e 45
L PrOJECHIVE SPACES......iiiiiecieite sttt ettt 45

2 lrreducible Plane Algebraic Curves and Hypersurfaces..................... 47



3 Elements of Intersection Theory for Plane Curves 50
4 Multiple or Singular POINts ........ccccevveinienieiienns 52
Appendix to Chapter 2: Factorial Rings and Elimination Theory e... 57
1 Divisibility Properties of Factorial Rings .. 57
2 Factorial Properties of Polynomial Rings.. 59
3 Remarks on Valuations and Algebraic Curves.. 60
4 Resultant of Two Polynomials...........cccocvinnnnniinsesns 61
Elliptic Curves and Their ISOMOrphisms............cccocoeovicvvicnnininnen. 65
1 The Group Law on a Nonsingular Cubic 65
2 Normal Forms for Cubic Curves 67
3 The Discriminant and the Invariant_j 70
4 Isomorphism Classification in Characteristics ™ 2, 3.... 73
5 Isomorphism Classification in Characteristic 3.... 75
6 Isomorphism Classification in Characteristic 2 76
7 Singular Cubic Curves ..... 80
8 Parameterization of Curves in Characteristic Unequal to 2 or 3........ 82
Families of Elliptic Curves and Geometric Properties
of Torsion Points 85
! The Legendre Family .. 85
2 Families of Curves with Pomts of Order 3: The He55|an Famlly .... 88
3 The Jacobi Family...... 9l
4 Tate’s Normal Form for a Cubic with a Torsion Point..........ccccceeunene 92
5  AnEXpliCit 2-1S0geNY ..o 95
6 Examples of Noncyclic Subgroups of Torsion Points............c.cc.e...... 101
Reduction mod p and Torsion POINTS...........ccocvviencinineeeens 103
1 Reduction mod p of Projective Space and Curves. 103
2 Minimal Normal Forms for an Elliptic CUrve .........cccccoevnininiiiiens 106
3 Good Reduction of Elliptic Curves, 109
4 The Kernel of Reduction mod p and the p-Adic Filtration .............. 111
5 Torsion in Elliptic Curves over <. Nagell- Lutz Theorem ................ 115
6 Computability of Torsion Points on Elliptic Curves from Integrality
and Divisibility Properties of Coordinates
7 Bad Reduction and Potentially Good Reduction...
8 Tate’s Theorem on Good Reduction over the Rational Numbers 122
Proof of Mordell’s Finite Generation Theorem............c.ccccoevviiinnninnns 125
1 A Condition for Finite Generation of an Abelian Group 125
2 Fermat Descent and x4 +y4 =1 -
3 Finiteness of (£(Q) : 2£(Q)) for E = E[a, b]...ccccoevvvvciviincnnee . 128
4 Finiteness of the Index (E(£) : 2E(K)) ..o 129
5  Quasilinear and Quasiquadratic Maps
6 The General Notion of Height on Projective Space....

10

11

Contents Xvii

7 The Canonical Height and Norm on an Elliptic Curve...................... 137
8 The Canonical Height on Projective Spaces over Global Fields - 140

Galois Cohomology and Isomorphism Classification

of Elliptic Curves over Arbitrary Fields............cccocovinnnniniiiie 143
1 Galois Theory: Theorems of Dedekind and Artin ...

2 Group Actions on Sets and Groups
3 Principal Homogeneous G-Sets and the First Cohomology Set

4
5  Some Calculations with Galois Cohomology..
6 Galois Cohomology Classification of Curves with Given 7-Invariant 155

Descent and Galois CONOMOIOGY.......ccccouiiiiinieieieeeieeee s
1 Homogeneous Spaces over Elliptic Curves ...
2 Primitive Descent Formalism

3 Basic Descent FOrmaliSm..........cooovviniiisesiee e

Elliptic and Hypergeometric Functions.....
Quotients of the Complex Plane by Discrete Subgroups.
Generalities on Elliptic Functions
The Weierstrass p-Function
The Differential Equation for p(z) ...
Preliminaries on Hypergeometric Functions
Periods Associated with Elliptic Curves: Elliptic Integrals....

o oA w N e

Theta FUNCLIONS ... 189
1 Jacobi 9-Parametrization: Application to Real Curves...................... 189
2 Introduction to Theta Functions

3 Embeddings of a Torus by Theta Functions...
4

5

6

Relation Between Theta Functions and Elliptic Functions................ 197
THE TAtE CUIVE oot 198
Introduction to Tate’s Theory of p-Adic Theta Functions.................. 203

Modular FUNCLIONS.........ccooiiiiiccseese s
Isomorphism and Isogeny Classification of Complex Tori
Families of Elliptic Curves with Additional Structures ...
The Modular Curves X(N) and XoGV) ..
Modular Functions .......cc.cccocvvennne
The L-Function of a Modular Form......

Elementary Properties of Euler Products...
Modular Forms for F0(A), Fi (A), and T(A)..
Hecke Operators: New FOrms........cccccoeevinnnns .
Modular Polynomials and the Modular Equation ............

©W oo N U whN—



xviii Contents

12 Endomorphisms of Elliptic Curves
1 Isogenies and Division Points for Complex Tori..
2 Symplectic Pairings on Lattices and Division Points .
3 Isogenies in the General Case .........cccoceeveverereenens

4 Endomorphisms and Complex Multiplication
5
6
7

The Tate Module of an Elliptic Curve
Endomorphisms and the Tate Module

"* Expansions Near the Origin and the Formal Group ............................. 248
13 Elliptic Curves over Finite Fields.........cccovoviviiiiinncinceneseses 253
1 The Riemafm Hypothesis for Elliptic Curves over a Finite Field___ 253
t 2 Generalities on Zeta Functions of Curves over a Finite Field . 256
3 Definition of Supersingular Elliptic Curves............ccccc...... 259
4 Number of Supersingular Elliptic Curves... 263
5% Points of Order p and Supersingular Curves . 265
6  The Endomorphism Algebra and Supersingular Curves 266
7 Summary of Criteria for a Curve To Be Supersingular . 268
8  Tate’s Description of Homomorphisms.... 270
9 Division Polynomial 272
14 Elliptic Curves over Local Fields ... 275
1 The Canonical p-Adic Filtration on the Points of an Elliptic Curve
over a Local Field..... 275
2 The Néron Minimal Model.. 277
3 Galois Criterion of Good Reduction of Néron-Ogg-Safarevic........ 280
4 Elliptic Curves over the Real NUMDETrS..........cccocvvvvvrniniiiiins 284
15 Elliptic Curves over Global Fields and i -Adic Representations.......... 291

1 Minimal Discriminant Normal Cubic Forms
over a Dedekind Ring
2 Generalities on f-Adic Representations.. .
3 Galois Representations and the Néron-Ogg-Safarevic¢ Criterion in
the GIODAl CaSE.......ccuiieiciririee e
4 Ramification Properties of €-Adic Representations of Number
Fields: Cebotarev’s Density TREOTEM..........coo.evveervernrrennnsesnereersenn.
5 Rationality Properties of Frobenius Elements in f-Adic
Representations: Variation of f ........ccoccovviiinnine
6  Weight Properties of Frobenius Elements in f-Adic
Representations: Fallings’ Finiteness Theorem...........cccccocoovvviennne
7 Tate’s Conjecture, Safarevi¢’s Theorem, and Fallings' Proof...........
8  Image of f-Adic Representations of Elliptic Curves: Serre’s Open
Image Theorem

16

17

18

19

L-Function of an Elliptic Curve and Its Analytic Continuation........ 309

oo howhN —

-

Remarks on the Birch and Swinnerton-Dyer Conjecture

1
2

8

Remarks on Analytic Methods in Arithmetic....
Zeta Functions of Curves over Q........c.cccoevvine
Hasse-Weil L-Function and the Functional Equation....
Classical Abelian L-Functions and Their Functional Equations........ 35
Grossencharacters and Hecke L-Functions..............c.cccceee..e.

Deuring’s Theorem on the L-Function of an Elliptic Curve W|th NN
Complex Multiplication
Eichler-Shimura Theory
The Modular Curve Conjecture...

The Conjecture Relating Rank and Order of Zero
Rank Conjecture for Curves with Complex Multiplication 1, by

C0ates AN WIIES......c.coviiiiiiicic e —~
Rank Conjecture for Curves with Complex Multlpllcatlon 11, by
Greenberg and Rohrlich
Rank Conjecture for Modular Curves by Gross and Zagler
Goldfeld’s Work on the Class Number Problem and Its Relatlon to

the Birch and Swinnerton-Dyer CONJeCture...........coovvvvns wevvreeeinenns 328
The Conjecture of Birch and Swinnerton-Dyer on the Leading Term 329
Heegner Points and the Derivative of the L-function ats = 1, after

Gross and Zagier
Remarks On Postscript: October 1986 ...

Remarks on the Modular Elliptic Curves Conjecture and

Fermat’s Last Theorem

1
2

©o~N oUW

Semistable Curves and Tate Modules .
The Frey Curve and the Reduction of Fermat Equation to Modular

Elliptic Curves over Q
Modular Elliptic Curves and the Hecke Algebra................... . 336
Hecke Algebras and Tate Modules of Modular Elliptic Curves
Special Properties of mod 3 Representations...........c.cccocvevvervveennne
Deformation Theory and £-Adic Representations
Properties of the Universal Deformation Ring.....
Remarks on the Proof of the Opposite Inequality
Survey of the Nonsemistable Case of the Modular Curve Conjecture 342

Higher Dimensional Analogs of Elliptic Curves:

Calabi-Yau Varieties

1

o w N

Smooth Manifolds: Real Differential Geometry ...
Complex Analytic Manifolds: Complex Differential Geometry.......... 349
Kahler Manifolds...........ccooiiniiiiiee e

Connections, Curvature, and Holonomy.
Projective Spaces, Characteristic Classes, and Curvature....




XX Contents
6  Characterizations of Calabi-Yau Manifolds: First Examples............ 366
7 Examples of Calabi-Yau Varieties from Toric Geometry..... . 369
8  Line Bundles and Divisors: Picard and Néron-Severi Groups..........371
9 Numerical Invariants of Surfaces 374
10  Enriques Classification for Surfaces. . 377
11 Introduction t0 K3rSUrfaces...........cooieniernininceneiesees e 378
20  Families OF EIlIPtiIC CUINVES.........coovirirriieiciciceieee e 383
1 Algebraic and Analytic GEOMELIY........cccovvenrniienircerceseiens 384
2 Morphisms Into Prpjective Spaces Determined by Line Bundles,
Divisors, and Linear Systems................ 387
?  Fibrations Especially Surfaces Over CUrves..............c.c...... .. 390
4 Generalities on Elliptic Fibrations of Surfaces Over Curves 392
5 Elliptic K3 SUMaCES ....cccvviiiriieicieeiree s . 395
6  Fibrations of 3 Dimensional Calabi-YauVarieties ...........cccccvvninnns 397
7  Three Examples of Three Dimensional Calabi-Yau Hypersurfaces
in Weight Projective Four Space and Their Fibrings............cccooovnieene 400
Appendix I: Calabi-Yau Manifolds and String Theory..........ccccocceveiivennns 403
Stefan Theisen
WHhHY String THEOIY ... 403
Basic Properties  ....... 404

Appendix I1: Elliptic Curves in Algorithmic Number Theory and
CrYPLOGIrAPNY ..ot 413
Otto Forster

1

References

Applications in Algorithmic Number Theory..........ccoceveinicnnn. 413
11 Factorization
12 Deterministic Primality Tests
Elliptic Curves in Cryptography ...

2.1 The Discrete Logarithm......

2.2 Diffie-Hellman Key EXChang@e........ccoocvuvvvvnivnnsnsnisnnins
2.3 Digital SIgNAtUIeS.......ccouvieiiiiirieeieieeee e
2.4 Algorithms for the Discrete Logarithm...

25 Counting the Number of POINtS ........c.occoooeiiiciicicen

2.6 Schoof’s Algorithm
2.7 Elkies Primes ...

Appendix I11: Elliptic Curves and Topological Modular Forms.................... 425

1

Categories in a Category.
Groupoids in a Category.

2 .

3 Cocategories over Commutative Algebras: Hopf Algebroids.............. 431

4 The Category LLI(K) and the Weierstrass Hopf Algebroid............... 434

5  MorphismsofHopf Algebroids: Modular Forms

6  The Role of the Formal Group in the Relation Between Elliptic

Curves and General Cohomology Theory ........c.ccccoeevenee 441

7  The Cohomology Theory or Spectrum tmf.........ccccovvivnniinenirsinnn 443

REFEIEINCES. ... .o .1 444
Appendix [V: Guide t0 the EXEIrCISES .....cccceriiereiieieiieierieieee e 445

Ruth Lawrence

RETEIENCES. ...ttt e
LiSt OF NOTATION. ... 479
TNUABX .ttt 481



