Developments in Mathematics 62

Chao Wang + Ravi P. Agarwal + Donai 0'Regan + Rathinasamy Sakthivel

Theory of Translation Closedness for Time Scales
With Applications in Translation Functions and Dynamic Equations

This monograph establishes a theory of classification and translation closedness of
time scales, a topic that was first studied by S. Hilger in 1988 to unify continuous and
discrete analysis. The authors develop a theory of translation function on time scales
that contains (piecewise) almost periodic functions, (piecewise) almost automorphic
functions and their related generalization functions (e.g., pseudo almost periodic
functions, weighted pseudo almost automorphic functions, and more). Against the
background of dynamic equations, these function theories on time scales are applied
to study the dynamical behavior of solutions for various types of dynamic equations on
hybrid domains, including evolution equations, discontinuous equations and impulsive
integro-differential equations.

The theory presented allows many useful applications, such as in the Nicholsons
blowflies model; the Lasota-Wazewska model; the Keynesian-Cross model; in those
realistic dynamical models with a more complex hibrid domain, considered under
different types of translation closedness of time scales; and in dynamic equations on
mathematical models which cover neural networks. This book provides readers with
the theoretical background necessary for accurate mathematical modeling in physics,
chemical technology, population dynamics, biotechnology and economics, neural
networks, and social sciences.

ISBN 978-3-030-38643-6

9 783030 386436
» springer.com LLI



1 Preliminaries and Basic Knowledge on Time Scales.............cccccccveenneen, l
1.1 Some Basic Results of J1-Calculus on Time Scales...........cccccovevvennee. 1
1.1.1  One-Sided J1-DerivatiVe.........cccccceiiieiiieiie e 2
1.1.2  J1-CalCUIUS......cooiiii e 8
1.1.3 Lebesgue J1-Measure and J1-Measurable Function ............... 15

1.1.4 Riemann Jl-Integral, Lebesgue J1-Integral, and Some
Important Convergence Theorems..........ccccceeevevieeiieesceesvee e 19
1.1.5 Henstock-Kurzweil J1-Integral............ccccoovviviiiiiniiiicciee 23
1.2 Some Basic Results of VV-Calculus on Time Scales..........c..cccevveennn, 28
1.2.1 One-Sided V-DerivatiVe..........cccocveiiiiiii i 28
1.2.2  V-CalCUIUS......cceiiiie s 34
1.2.3 Lebesgue V-Measure and V-Measurable Function................ 37

1.2.4 Riemann V-Integral, Lebesgue V-Integral, and Some
Important Convergence Theorems........ccccccvveviieviieesieessie e 41
1.2.5 Henstock-Kurzweil V-Integral .........ccccoocoviiiiiiniiiiiie 45
2 A Classification of Closedness of Time Scales Under Translations....... 51
2.1 Periodic Time Scales and Translations Invariance..............cccccovvveevnnee., 51

2.2 EA-Computation Method of Hausdorff Distance Between
Translation TimMe SCalES ......cccoociiiiii i 56
2.3 Time Scale Spaces and Completeness ........cccccveevieive e cie e, 79
2.3.1 Almost Periodic Time Scales........ccccocrviiiiiiiiiiiieece e 80
2.3.2 Embedding of Time Scales.........c..ccoceieiiiiiiiie e 82
2.3.3 Approximation Time Scale Spaces Induced by Functions— 86
2.3.4 The Properties of Almost Periodic Time Scales...................... 93
2.4 Complete-Closed Translations Time Scales (CCTS).....ccccccevvevvveeenen. 106
2.5 Almost Complete-Closed Time Scales Under Translations

AN O O 1) SRR HO
2.6 Changing-Periodic Time Scales........c.cccceiiiiiiiiiiiice e, 115
2.7 Some Compactness Criteria on Time Scales..........cccooocvviiiiniiieiiinnnn, 131



2.8 Analysis of General Delays on Translation Time Scales....................
2.8.1 Delay Systems on Time Scales with a Monotone

Interval Length.........cccooviiie i,

2.8.2 Delay Systems on Periodic Time Scales............cccccovevvrinnnnne.

2.8.3 Delay Systems on Almost Periodic Time Scales....................

3 Almost Periodic Functions and Generalizations
on Complete-Closed Time Scales........coccoviiiiiiiiiiee e
3.1 AIMOSt PeriodiC FUNCLIONS .....cccvvieiiiiiiieiee ettt
3.2 Bohr-Transform and Mean-ValUe..............cccocvviieieiiiciiiiee e

3.3 Generalized Pseudo Almost Periodic FUNCLIONS..........coovveeiiiiieieieeien,

3.4 [7-Semigroup and MoVving-Operators.........ccccocueevvereeiieeeseesieesieenieens
3.5 The Equivalence of Two Concepts of Relatively Dense Sets............
3.6 Abstract Weighted Pseudo Almost Periodic Functions .....................
3.7 Almost Periodic Functions on Changing-Periodic Time Scales........

4 Piecewise Almost Periodic Functions and Generalizations
oN Translation TIME SCAlES ......oeieeeeeeeee et
4.1 Piecewise Almost Periodic Functions on CCTS......oovveivviiiiieeeeeeeen

4.2 Weighted Piecewise Pseudo Almost Periodic Functions on CCTS...

4.3 Weighted Piecewise Pseudo Double-Almost Periodic
FUNCLIONS ON ACCT S,

5 Almost Automorphic Functions and Generalizations
on Translation TimMe SCaleS ........ccoeeiiiiiie e
5.1  Almost Automorphic Functions on CCTS........ccccooeivieiie i
5.2 Almost Automorphic Functions on Semigroups Induced

5.2.1 Bochner Almost Automorphic Functions on Semigroups ....
5.2.2 Bohr Almost Automorphic Functions on Semigroups...........
5.3 Equivalence of Bochner and Bohr Almost Automorphy on
Semigroup Related to Time Scales.........ccoocviniiniiiiieie e,
5.4 Weighted Pseudo Almost Automorphic Functions on CCTS............
5.5 Weighted Piecewise Pseudo Almost Automorphic Functions...........
5.6 Local Almost Automorphic Functions on Changing-Periodic
THME SCAIRS....eiie e
5.6.1 Local Semigroup on Changing-Periodic Time Scales...........
5.6.2 Local Almost Automorphic Functions on Translation
Invariant SUD-TIMESCAIES.........cccovvviiiiiiee e
5.6.3 Local Pseudo Almost Automorphic Functions
0N SUD-CCTS... e s

6 Nonlinear Dynamic Equations on Translation Time Scales..................
6.1 Almost Periodic Generalized Solutions for Dynamic
EqQuations 0N CCT S ..o e s

6.1.1 Almost Periodic Solutions for Delay Dynamic Equations....

252



9

6.1.2 Pseudo Almost Periodic Solutions for Dynamic
EQUALIONS......ooiiiiicie s
6.2 Weighted Pseudo Almost Periodic Solutions Under
b EST= 0 0] [0 o 10 o TS UPTRRPRRS
6.3 Local-Periodic Solutions on Changing-Periodic Time Scales...........
6.3.1 The Cih Space on Changing-Periodic Time Scales................
6.3.2 Preliminary Results of Krasnosel'skii’s Fixed Point
TREOIEIM .o e
6.3.3 Positive Local-Periodic Solutions for FDEID.........................

Impulsive Dynamic Equations on Translation Time Scales...................
7.1 The Cauchy Matrix and Liouville’s Formula on Time Scales...........
7.2 Piecewise Almost Periodic Solutions on CCTS..........cccevevvvieiieeenenne,
7.3 Weighted Piecewise Pseudo Almost Periodic Solutions on CCTS ...
7.4 ~-Equivalent Impulsive Functional Dynamic Equations
ON A C T S s
7.4.1 Double-Almost Periodic M-Equivalent Impulsive FDE..........
7.4.2 Weighted Piecewise Pseudo Double-Almost Periodic
Mild SOIUTIONS......ooiiiiiicc s

Almost Automorphic Dynamic Equations on Translation Time
SCAIES.. e
8.1 Weighted Pseudo Almost Automorphic Solutions on CCTS.............
8.2 Abstract Almost Automorphic Impulsive V-Dynamic Equations ....
8.3 Semilinear Automorphic Dynamic Equations on
Changing-periodic Time ScCales.........ccccooviiiiiiiiiiieie e

8.4 Almost Automorphic Solution on Semigroups Induced by CCTS ...

Analysis of Dynamical System Models on Translation Time Scales
9.1 Exponential Dichotomies of Impulsive Dynamic Systems with
APPHCALIONS. ...
9.1.1 Exponential Type of Bounds of Solutions for Impulsive
Dynamic EQUAtIONS............cocvieiiieicee e
9.1.2 Some New Mean-Value Criteria for Exponential
Dichotomy...................
9.1.3 Applications of Exponential Dichotomy on Almost
Periodic Impulsive Dynamic Equations..........cccccccveveevenennnee.
9.2 Almost Periodic Analysis of Impulsive Lasota-Wazewska
MOAEl 0N ACCT S ..
9.2.1 Matrix Measure on Time Scales and Its Properties................
9.2.2 Existence and Exponential Stability of Almost Periodic
Solutions of the Model on ACCTS ...

505



XVI Contents

9.3 Double-Almost Periodic Analysis of High-Order Hopfield

NEUTal NETWOIKS.........oooiiiie e rae e 541
9.3.1 Existence of Double-Almost Periodic Solutions
with Slight Vibration in Time Variables............ccccccviviiininnnn. 546
9.3.2 i/f-Exponential Stability of Double-Almost Periodic
SOIUTIONS. ... et 551
RETEIEINCES.... .ottt et e et e et e et e be et e sbeetesbeetesbaenes 563

Index 575



