Contents

Preface

Mathematical notation

Contents
1 Introduction
1.1  Example: Polynomial Curve Fitting . . . . . ... ... ......
1.2 Probability THeOEV . o » o o HEiEE0a0y S0 el B, 108 o o s w
1.2.1  Probability densifies <55 S F a0 3880 L L ol w6 e
1.2.2  Expectations and covariances . . . . . . . . ... .. ...
1.2.3 Bayesian probabilities . . . . .. .. ... ...
1.2.4 The Gaussian distribution . . . . .. ... ... ... ...
125 Cuarve fitting re-visited & & v o s ¢ v o m s s mn bowom s
1:2.6 Bayesiancurvefiting . ... .... ... ... ... ...
13 - ModelSEleBion |« s w s 5 o bsl s @ 5 0 5 @ 06 b 500 5 5y o & 5 b
1.4  The Curse of Dimensionality . . . . . . .. .............
1.5  DeoisionTheory- . . s « s 5sm o, 5, @649 65 % 5 0 s 8 & v
1.5.1 Minimizing the misclassificationrate . ... ... ... ..
1.5.2 Minimizing the expectedloss . . . . ... ... ......
1.53 The TEIECtOPHON. i psts @ srastd @it b 5 e o & &
1.54 Infersnce and-detiSion <o v onidis i« o 4 5 v v 95 & 5 %
1.5.5 lLossifunctions forregression : «isidai « s id s s o & 55 4
1.6 . Iformation Eheor s W sl il il » & das ww s o9 4
1.6.1 Relative entropy and mutual information . . . . . .. ...
BXEIGISES ¢ B 0 o Wt o w o & o i o ol 0l i dow @ o s s A g 8 e

vii

xiii

12
17
19
5
24
28
30
32
33
38
39
41
4
42
46
48
55
58

xiii



INTS
2 Probability Distributions 67
0.1, Binary Vanables . i .o e aw s v e e ol e o ARG LS 68
5.4:1' The betadisttibution. . & . « « < & s & w o ere ol RIS 71
22 Multinomial Variables . . .. ........... o 74
22.1 The Dirichletdistribution. . . . . . ... .......... 76
2.3 The Gaussian Distribution . . . . . . ... ... oL 78
2.3.1 Conditional Gaussian distributions . . . . .. ... ... .. 85
2.3.2 Marginal Gaussian distributions . . . . . ... ... 88
2.3.3  Bayes’ theorem for Gaussian variables . . . .. ... .. .. 90
2.3.4 Maximum likelihood for the Gaussian . . . . . . . ... .. 93 .
2.3.5 Sequential estimation . . . . ... ... 94
2.3.6 Bayesian inference for the Gaussian . . . . .. ... .. .. 97
2.3.7 Student’s t-distribution . . . . . 00w e Eene 102
2.3.8 Periodicvariables . . . . . . ... ..o 105
239 Mixturesof Gaussians . . . . .. ... 0 e oo 110
24 The Exponential Family . .. .................... 113
2.4.1 Maximum likelihood and sufficient statistics . . . . . ... 116
242 Conjugate priors . . . . . . . .cooeeaaens e 178
2.4.3 Noninformative priors . . . . . . . ..« oot 117
2.5 Nonparametric Methods . . . . . . ... ... 120
2.5.1 Kernel density estimators . . . . . . . .. ..o 122
2.5.2 Nearest-neighbour methods . . . .. ............ 124
BXEICISES. v o o« orpio s 5 0 @5 & w5 5o &5 g8 el O G e 127
3 Linear Models for Regression 137
3.1 Linear Basis FunctionModels . . . . ... ............. 138
3.1.1 Maximum likelihood and least squares . . . . . . ... ... 140
3.1.2 Geometry of leastsquares . . . . .. ... ......... 143
3.1.3 Sequentiallearning . . . . . . . ... 143
3.1.4 Regularized leastsquares . . . . . . . . ... 144
3.1.5 Multipleoutputs . . . . ... 146
3.2  The Bias-Variance Decomposition . . . . . . . . .. ... ... 147
3.3 Bayesian Linear Regression . . . ... ............... 152
3.3.1 Parameterdistribution . . ... ... ... . 0. 152
3.3.2 Predictive distribution . . . .. ... ..o 156
31313 Equivalentkemel”. ... 0 L v v e s 159
3.4 Bayesian Model Comparison. . . . . . . .. ... 161
3.5 The Evidence Approximation . . ... ... ... u oo 165
3.5.1 Evaluation of the evidence function . . ... ........ 166
3.5.2 Maximizing the evidence function . . . . .. ........ 168
35S ERESECHVE number of parameters: . . : i v b0 00 e 170
3.6 Limitations of Fixed Basis Functions . . ... ........... 172
Exercisc NIRRT . . . . . L L. L . s e e egeleieieie 173

4 Linear Models for Classification

Discriminant PUDCHORST Ball: e eiie oo il 4 o o oie o 0 o0 0 0o

Probabilistic Generative Models . . . . .. ... ... .......

Probabilistic Discriminative Models . . . . ... .. .. ......

The Laplace APPrOXIMSHION. .7\ & s/ai & 56 @ o w b s 5 a7e 45 s

Bayesian Logistic Regression . . ..o v dlivw owid o v oiw o v o

4.1
4.1.1 Twoclasses . . . .
4.1.2 Multiple classes . .
4.1.3 Least squares for classification . . . . ... .........
4.1.4 Fisher’s linear discriminant . . . . . .. ... ........
4.1.5v Relation to'1east SQUATES . i)« 6 o v/s o 4o o o w4 0 0
4.1.6 Fisher’s discriminant for multiple classes . . . . ... ...
4.1.7 . Theperceptronalgotithm . . . . v o v v v v v vv i oo
4.2
4.2.1 Continuous inputs
4.2.2¢ Maximom likelihood:Solution: « «ue « s sls & visw s o o
4.2.3 Discrete features .
4.2.4 Exponential family
43
41301 o Hixed DASISPONCHONS « toimis soe d/all 8 $wars s ew s 5 o
4.3.2 Logistic regression
4.3.3 Iterative reweighted least squares . . . . . ... ... ...
43 Multiclass Togistic regréssion s . . «wbi Bnde ke v 4o o'
4.3.5 Probit regression .
436" . Canonical'link fanctions; »rfin.k fim ae v Wil d v o dow we o
4.4
441 ModelcomparisonandBIC . ...........c.0 0.
4.5
451, Lsplace sppraXination: . ... o W dWiint 5 « dule « wm v s
452 "Predictive-distribution: s s o0 i sste o o deds s sie 0 s
BXGIGISES Lo yop ion 50 vs o (RPISET
5 Neural Networks
5.1 Feed-forward Network Functions . . .. .. ... .00 v v
5. 1.1  Weight-Space Symimetries o . ¢ w'svs € o s s ¢ s 04 s
5.2 Network Training . . . . .
S.1., Parameter OPHIIZAHON &+ o « o o o oie v o0 08 8 me
5.2.2 Local quadratic approximation . . . . . ... ........
5:2:3, . Useof gradientinformation’; o ../d s wfe o ale s o s
5.2.4 Gradient descent optimization . . . ... ..........
5.3  Error Backpropagation . .
5.3.1 Evaluation of error-function derivatives . . . . .. ... ..
5.3.2 A simple example
5.3.3  Efficiency of backpropagation . . . .............
5.3.4 The Jacobian matrix
5.4 The Hessian Matrix . . . .

5.4.1 Diagonal approximation . . ... ..............

5.4.2  Outer product approximation

5.4.3 Inverse Hessian . .

179



NTENTS

5.4.4 ' Finite differences . : i i o e FRNRIGABINES I
5.4.5 Exact evaluation of the Hessian . . . ... .........
5.4.6 Fast multiplication by the Hessian . . . . . .........
5.5 Regularization in Neural Networks . .. . .............
5.5.1 Consistent Gaussianpriors . . . . . . ¢ . oo ot o0 oo u
5.5.2 - Bacly stopping-'s i a0 S dig T Bl el e s
5.5.3 INVATANCES, » o 5ihi e AR T S B o B nl s i etal
5.5.4 Tangentpropagation . . .. ... ........ ..
5.5.5 Training with transformed data . . . . . ... ...... ..
5.5.6 Convolutional networks . . . . ... .. ... ...
5.5.7 Softweightsharing . . ... .................
5.6 Mixture Density Networks . . .5 . . ..o
5.7 Bayesian Neural Networks . . . . .. ... ..o
5.7.1 Posterior parameter distribution . . . .. ...
5.7.2 Hyperparameter optimization . . . . .. ... ... ...
5.7.3  Bayesian neural networks for classification . .. ... ...
EXCICISES - & v w0 & ¢t 5wt f QR HETIRECINTIRINGS, 1 Baleel S0l o o s

Kernel Methods

6.1 DualRepresentations . . . . . . v oo cvi o e o

6.2 Constructing Kernels . -utionss dudl Jensufiid o S @ vy e o s

6.3 Radial Basis Function Networks . . . . . .. ... ...
6.3.1 Nadaraya-Watsonmodel . . . ... .............

6.4 GaussianProcesses . . . .« v v v ve e e e e e
6.4.1 Linear regressionrevisited . . . .. ... oo
6.42 Gaussian processes for regression . . . . ...
6.4.3 Learning the hyperparameters . . . . . . ... ... ...
6.4.4 Automatic relevance determination . . . . .. ... ...
6.4.5 Gaussian processes for classification . . . ... .......
6.4.6 Laplace approximation . . . . . . .. ... e
6.4.7 Connection to neural networks . . . . .. ... ... ...

BREroiSon . o coaid oils s w6 478 o o aa A RNIERER SR S <

Sparse Kernel Machines

7.1 Maximum Margin Classifiers . . . ... ... ...
7.1.1 Overlapping class distributions . . . . . . .. .. ..e e
7.1.2 Relation to logistic regression . . . . . . ... .o
713, - Multiclass'SVMS . 10 1ol GO SRS o LRt Hes e
F A4 SVIMS for regression  swaiinu o i £ 4 (SRt
7.1.5 Computational learning theory . . . . . . ... . ... ..

7.2, Relevance VectorMachines' \vooilih oo Lo s e e
e D T L I

T 20 NN S ORI L L L e e
T2 RN ORI RO L L e

Exercice: BEIIEREERE R e | L L e e e

349

8

10

CONTENTS
Graphical Models
81 Ve sian Networs 0, LADGI0 A S L vt d s s e b
8.1.1 Example: Polynomial regression . . . o . «v . v v wv vy
B2 Generativermodels' (' 3G 4 e i dw s s s s e 6 kb
813 I Discrete vanables ' wiais v Fn e s B B Ee e d s
8.1.4 Linear-Gaussianmodels . . ... ... ...........
8.2 ."ConditionalIndependence « .. .. v v v i v b e b be e
821 Threcexamplographs' ' .. ¢ v o sv éww s v smaw v
800 Draopmalon . o'v o v vk £ 0E S e e E
83 MaukovRamdomFields . i i v v vows v s st s0 0h s ma e
8.3.1 Conditional independence properties . . . . .. .......
8.3.2 Factorizationproperties . . . ... .. vh e vh 0w
83.3 - Nlustration: Imagede-noising . . . . .. i vu v s v
8.3.4 (Relationtodirectedgraphs . . . . .. ... .........
8.4 Inference in GraphicalModels . . . . ... .............
84,1 Inferenceol@aelal® . Wb s L h s b ole W e w b s
Hr “RBBR- Y 'y e e AT PN T s g w g s
8.4.3 Factorgraphs...................A....:
8.44 The sum-productalgorithm. . . . . ... ..........
8.4.5 The max-sumalgorithm . .. ... .............
8.4.6 Exactinference in general graphs . . . . . ... ... ...
8.4.7 Loopy belief propagation . . . . ... ............
8.4.8 < Learningthe graphstiucture . o4 o 005 o e vl vw s
IBIEICISeS Y A wmainh 15 & b)'% o e WAL Yo% s o s
Mixture Models and EM

Oaliwke K-meansiCIuStering « « o 3 W @ wdali L e on v e e
9.1.1 Image segmentation and compression
9.2 Mixtures:of Gaussians v il Loy VU S we v e e s
9.2.1 Maximum likelihood

9.3 - AnAlternative VieWof EM . . . . . . v ie i i
9.3.1  Gaussian mixtures revisited
9,3:2 (Relationto K-means: o« o« obd'%28 B 30408 wlitd s ny
9.3.3  Mixtures of Bernoulli distributions
9.3.4 EM for Bayesian linear regression
9.4  The EM Algorithm in General
Exercises

Approximate Inference
10.1 Variational Inference

10.1.2 Properties of factorized approximations
10.1.3 Example: The univariate Gaussian
10.1.4 Model comparison



CONTENTS

102.1 Variational distribution . . . . . «wl | LR A 475
10.2.2 Variational lowerbound . . .. . ..o o da .. 481
10.2.3 Predictivedensity . . . . . .. v oo e i oo 482
10.2.4 Determining the number of components . . . . .. ... .. 483
10.2.5 Induced factorizations . . . . . . ... oo oo 485

10.3 Variational Linear Regression . . . .. . ... .o 486
10.3.1 Variational distribution . . . . . . .. ..o 486
10.3.2 Predictive distribution . . . . .. ..o 488
1033 Lower bound, o &« sw i s s fodord o s at & o % 3 ¥ w04 489

104 Exponential Family Distributions . . . . . ... vov oo e 490
10.4.1 Variational message passing . . . . . . .. ... c.. 491

10.5 Local Variational Methods . . . . . . .. . oo oo 493
10.6 Variational Logistic Regression . . . .. .. .. ... ... 498
10.6.1 Variational posterior distribution . . . . .. ... 498
10.6.2 Optimizing the variational parameters . .~. . . .. . ... . 500
10.6.3 Inference of hyperparameters . . . . . . . ...« ... .« 502

10.7 Expectation Propagation . . . . . ... ... e 505
10.7.1 Example: The clutter problem . . . . . . ... .ovov e 511
10.7.2 Expectation propagation on graphs . . . . . ... ... ... 513
BXCTCISEE, . 1irs od 50 5.5 wie s 70 ks &08 RS o ioiomndtice o 08 006 4 517
11 Sampling Methods 523
11.1 Basic Sampling Algorithms . . . . . ... ... 526
11.1.1 Standard distributions . . . . . ... ... e 526
11.1.2 Rejectionsampling . . . . . ... ..o 528
11.1.3 Adaptive rejection sampling . . . . . ... 530
11.1.4 Tmportance sampling . . . . . ... ... 532
11.1.5 Sampling-importance-resampling . . . . . . ... .. ... 534
11.1.6 Sampling and the EM algorithm . . . . ... ........ 536

112 Markov ChainMonteCarlo . . . . . ... ..o v v o 537
1121 Markov chaing « iv oie s e s 3 )% (#8605 fore oo o e 539
11.2.2 The Metropolis-Hastings algorithm . . . . ......... 541

113 Gibbs Sampling . 1o 4o s n v sl BmsUbiy w8 Caln o wr se 542
114 Slice Sampling : . s« « susrs ofocel saifoilands o 4 ¢ dle s w06 s 546
11.5 The Hybrid Monte Carlo Algorithm . . . . . ... ......ooe 548
11.5.1 Dynamical SYStemS . . . .« cv o oo v v oo b et e 548
1152 HybridMonteCarlo . . . . . ... oo v 552
11.6 Estimating the Partition Function . . . . .. ............ 554
ECTEr o e SR SR A X T0E o f g e P S s v e e e e 556
12 Continuous Latent Variables 559
12.1 Principal Component Analysis . . . . . . . .« oo oo o 561
12.1.1 Maximum variance formulation . . . .. ... .. ... .. 561
12.1.2 Minimum-error formulation . . . ... .. o ee 0o e 563
IMESRAPRIEARONS Of PCA . v vio v v o oo b o loludbltaialane o 565
12.1.4 PCA for high-dimensionaldata . . . . . . .« « o« - 569

1

w

14

CONTENTS

122 ProbabiliSHCIPEAREMSRSEa a2 1 auliolalh . flonkreegh &
12.2.1 MaximurhkeHhood PCAT « & « o 5« o 3l et anale S
12.2.2 EM algorithm for PCA
12.2.3 Bayesian PCA
12.2.4 Factor analysis

1231 Kemel PCA L v o 2 e Uind ioile oeefol e sl e S A

12.4 Nonlinear Latent Variable Models . . . .0 .o 0o B atan
12.4.1 Independent component analysis
12.4.2 Autoassociative neural networks
12.4.3 Modelling nonlinear manifolds

Exercises

Sequential Data

1851 MAarkoVIMOodels: . 1 aris v w4 s B s Lo g S SR
13:2 . Hidden Markov ModelS . .o iy e et R E R ar S
13.2.1 Maximum likelihood for the HMM
13.2.2 The forward-backward algorithm . . . ... ... .. ...
13.2.3 The sum-product algorithm for the HMM
13,247 Scaling TACIOTS ) 414+ a0 o) ta i, ol it e oy ot SR UN BRSNS
13:2.5 The Viterbialgorithmi . .. s iy o s S,
13.2.6 Extensions of the hidden Markov model
Linear Dynamical Systems
13.3.1 Inference in LDS
13:3.2" Learning in LIS F .1 7 o oo Gl e R o Fe S R
13.3.3 Extensions of LDS
13.3.4 Particle filters
Exercises

5
w

Combining Models
14.1 Bayesian Model Averaging
14.2 Committees
14.3" BOOSHOP .« . o oo v oo s 653 6o s s b s ooyl S
14.3.1 Minimizing exponentialerror . . . . ... ... ... ...
14.3.2 Error functions for boosting
144 Tree-based MOdRIS . . . . . o0 o o 0 v s bis s ool Ul RN
14.5 Conditional Mixture Models . . . . . ¢ v v« v oo s o sy aielS
14.5.1 Mixtures of linear regressionmodels . . . . . .. ... ...
14.5.2 Mixtures of logistic models
14.5.3 Mixtures of experts
Exercises

Appendix A Data Sets
Appendix B Probability Distributions

Appendix C Properties of Matrices

570
574
577
580
583
586

591
592

599

605
607
610
615
618
625
627
629
631
635
638
642

645
646

653
654
655
657
659
661
663
666
667
670
672
674

677
685
695



XX CONTENTS

Appendix D Calculus of Variations
Appendix E Lagrange Multipliers
References

Index

703
707
711

729



