
Mathematics and Its Applications

Categories, Bundles and Spacetime Topology

Kluwer Academic Publishers
Dordrecht / Boston / London



SERIES EDITOR’S PREFACE vii

PREFACE TO THE SECOND EDITION ix

INTRODUCTION xv

T. PRELIMINARIES 1

Notations and abbreviations 1

II. NAIVE CATEGORY THEORY 4

1. Categories as structured graphs 4
1.1 Graph definitions 5
12 Category axioms 7
13 Covariant functor 9
1.4 Contravariant functor 10
13 Subcategory 12
1.6 Diagram 13
1.7 Natural transformation 14
1.8 Special morphisms 16
1.9 Special objects 17
1.10 Inverse morphisms 18

2. Structures on categories 19
2.1 Limits of diagrams 19
2.2 Products and coproducts 23
23 Pullback and pushout 24
2.4 Equalizer and coequalizer 27
23 Complete category 28
2.6 Limit-preserving functors 31
2.7 Functors of two variables 32
2.8 Adjoint functors 33

III. EXISTENCE OF LIMITING TOPOLOGIES 38

1. Basic topology 38
1.1 Topological space and continuous map 39
1.2 Neighbourhood, base and sub base 40
13 Separation axioms 41



1.4 Closure, boundary, compactness, local-compactness 42
15 Connectedness, denseness, separability 42
1.6 Paracompactness and partition of unity 43
1.7 Homotopy, contractibility, covering space 43

2. Limiting topologies 45
2.1 Partial order for topologies 45
2.2 Existence of Extremal topologies among a finite number 47
23 Uniqueness of sup and inf topologies 48
2.4 Existence of sup and inf topologies 49
2.5 Coinduced and induced topologies 52
2.6 Product and coproduct topologies 56
2.7 Completeness of Top 59
2.8 Projective limit and inductive limit topologies 62

IV. MANIFOLDS AND BUNDLES 66

1. Manifold structure 67
1.1 Topological vector space, differentiation, tensor spaces, exact sequences 67
1.2 Manifold definitions; atlas; universal cover 74
13 Tangent space and derivatives, Manifold category 75
1.4 Submanifold, product and quotient manifolds 76
15 Lie group action; transitive, free, effective 78

2. Structures on manifolds 82
2.1 Vector bundle, exact sequence 82
2.2 Tangent bundle, differential, jet 88
23 Fibre bundle: principles, frame, associated 93
2.4 Parallelization 100
25 Lie algebra 103
2.6 Connection; parallel transport, geodesic, holonomy group 110
2.7 Differential forms, curvature, torsion 130
2.8 Riemannian and pseudo-Riemannian structures 142

V. SPACETIME STRUCTURE ' 159

1. Lorentz structures 162
1.1 Timelike, spacelike, null 163
1.2 Topological properties 164
13 Compact spacetimes 165
1.4 Product structures 166
15 Closed timelike curves 166
1.6 Singular points of vector field 167
1.7 Existence of Lorentz structure 167
1.8 Reduction of frame bundles 168
1.9 Holonomy group 169

2. Orientability 169
2.1 Parallelizable manifolds 170
2.2 Two-chart atlases 170
23 Volumeform 171
2.4 Standard volume element, orientability 171
25 Connected orientable cover 175



CONTENTS xiii

2.6 Orientable line element field 176
2.7 Lorentz covering manifold 176
2.8 Orientability, chronology, causality 178
2.9 Stable causality, universal time function 179

3. Parallelizability 181
3.1 Spinor structure 181
3.2 Geroch's spinor parallelization 181
33 Stable causality 183

4. Product spacetimes 183
4.1 Orientability, parallelizability, topology change 184

5. Singularities 189
5.1 b-completeness, b-completion, b-boundary 192
5.2 Projective limit boundary, Friedmann case 197
53 Parallelization completion, p-boundary 204

6. Stability matters 207
6.1 Jet bundles 208
6.2 Connections as sections of jet bundles 210
63 Dk~and Wk~ stability 213
6.4 Systems of connections 216
63 Universal connections 218
6.6 Geometry of the system of linear connections 219
6.7 System-stability of b-imcompleteness 220

BIBLIOGRAPHY 227

SUPPLEMENTARY BIBLIOGRAPHY 235

INDEX 237


