
Contents

N otes to  th e  R e a d e r .......................................................................................xiii

1. D iv is ib ility ................................................................................................  1
1.1 Divisors..............................................................................................  2
1.2 Bezouťs id en tity ............................................................................... 7
1.3 Least common multiples................................................................... 12
1.4 Linear Diophantine equations.........................................................  13
1.5 Supplementary exercises................................................................... 16

2. P rim e  N um bers ......................................................................................  19
2.1 Prime numbers and prime-power factorisations............................  19
2.2 Distribution of primes....................................................................... 25
2.3 Fermat and Mersenne p rim e s.........................................................  30
2.4 Primality-testing and factorisation.................................................  32
2.5 Supplementary exercises................................................................... 35

3. C ongruences............................................................................................... 37
3.1 Modular arithm etic........................................................................... 37
3.2 Linear congruences..........................................................................  46
3.3 Simultaneous linear congruences..................................................... 52
3.4 Simultaneous non-linear congruences............................................. 57
3.5 An extension of the Chinese Remainder Theorem ....................... 59
3.6 Supplementary exercises................................................................... 62

4. C ongruences w ith  a  P rim e-pow er M o d u lu s ................................. 65
4.1 The arithmetic of Zp........................................................................  65
4.2 Pseudoprimes and Carmichael numbers ....................................... 72

ix



x E lem entary  N um ber Theory

4.3 Solving congruences mod (pe) ........................................................  78
4.4 Supplementary exercises..................................................................  82

5. E u le r's  F u n c tio n .....................................................................................  83
5.1 U n its .................................................................................................. 83
5.2 Euler's function ................................................................................  85
5.3 Applications of Euler’s function ....................................................  92
5.4 Supplementary exercises..................................................................  96

6. T h e  G roup  o f  U n its  .............................................................................  97
6.1 The group Vn ....................................................................................  97
6.2 Primitive ro o ts..................................................................................  99
6.3 The group Up*, where p  is an odd prim e........................................103
6.4 The group Ü2ß ....................................................................................106
6.5 The existence of primitive ro o ts ...................................................... 108
6.6 Applications of primitive ro o ts ...................................................... 110
6.7 The algebraic structure of Un ..........................................................113
6.8 The universal exponent ....................................................................116
6.9 Supplementary exercises....................................................................117

7. Q u ad ra tic  R e s id u e s ................................................................................ 119
7.1 Quadratic congruences......................................................................119
7.2 The group of quadratic residues......................................................120
7.3 The Legendre sym bol....................................................................... 123
7.4 Quadratic reciprocity........................................................................130
7.5 Quadratic residues for prime-power m odu li.................................. 135
7.6 Quadratic residues for arbitrary m o d u li........................................138
7.7 Supplementary exercises....................................................................140

8. A rith m e tic  F u n c tio n s ............................................................................ 143
8.1 Definition and examples....................................................................143
8.2 Perfect numbers..................................................................................146
8.3 The Möbius Inversion Form ula........................................................148
8.4 An application of the Möbius Inversion Form ula.......................... 152
8.5 Properties of the Möbius fu n ctio n ..................................................154
8.6 The Dirichlet product........................................................................157
8.7 Supplementary exercises....................................................................162

0. T h e  R iem ann  Z eta  F u n c tio n ............................................................... 163
9.1 Historical background........................................................................163
9.2 Convergence........................................................................................165
9.3 Applications to prime num bers........................................................166



C onten ts xi

9.4 Random in tegers.................................................................................170
9.5 Evaluating ((2)  ...................................................................................174
9.6 Evaluating ( ( 2 k ) .................................................................................176
9.7 Dirichlet series.....................................................................................179
9.8 Euler p roducts.....................................................................................182
9.9 Complex variables...............................................................................185
9.10 Supplementary exercises..................................................................... 188

10. Sum s o f S q u a re s .......................................................................................191
10.1 Sums of two squares...........................................................................191
10.2 The Gaussian integers......................................................................... 196
10.3 Sums of three squares.........................................................................201
10.4 Sums of four squares...........................................................................202
10.5 Digression on quatern ions.................................................................205
10.6 Minkowski’s Theorem .........................................................................206
10.7 Supplementary exercises.....................................................................214

11. F e rm a t’s L ast T h e o re m .........................................................................217
11.1 The problem ..................................................................................... 217
11.2 Pythagoras’s T heorem ....................................................................218
11.3 Pythagorean trip les..........................................................................219
11.4 Isosceles triangles and irrationality............................................   221
11.5 The classification of Pythagorean trip les......................................223
11.6 Ferm at............................................................................................... 226
11.7 The case n  =  4 ...................................................................................227
11.8 Odd prime exponents.......................................................................228
11.9 Lame and K um m er..........................................................................233
11.10 Modem developments......................................................................234
11.11 Further read in g ................................................................................237

A ppend ix  A . In d u c tio n  an d  W e ll-o rd e rin g ........................................... 239

A ppend ix  B . G roups, R ings an d  F ie ld s ................................................. 243

A ppend ix  C . C o n v erg en ce .........................................................................   247

A ppend ix  D . T able o f P rim es p  <  1000 ................................................. 249

Solutions to  E xercises ...................................................................................251

B ib lio g rap h y ................................................................................................   289

In d ex  o f sym bols .............................................................................................291


