15

- I-'llrll ; 1

SN I
- iy
"

T

Contents

1 Fundamental Concepts ...t e,
C L NOAEON . ...t e
IERE?  Fundamental Linear AIZEbra ........ccooovivvivievinneinniiiniiinnen,

1.2.1  Linear Vector Spaces .......oovviviiniiiiiiiiiniiniininn.d

" L EAE IUSPEHUCHES oo x o summrs s 2 poowes § 7 wossas § 4 5 possas 4

INE S Spail, Subspaces, and Ranee i s commun s v svmmms s vamwss i v+

1.2.4  The Orthogonal Complement of a Subspace ..............

125 BaSES it e

126 RanK....oooiiniii

k. N INULLSHACE OF Ao s covumn s s vnmnrs 5 § svsoms 5 ¥ pomns 53 R
- 1.3 The Four Fundamental Subspaces of a Matrix......................
- 1.4 Further Interpretations of Matrix Multiplication....................

1.4.1  Bigger-Block Interpretations of Matrix Multiplication ...

Vector Norms
Determinants

Rtoblems ............
] "‘-R'eferences ...........

lllllllllllllllllllllllllllllllllllllllllllllllllllllllll

lllllllllllllllllllllllllllllllllllllllllllllllllllllllll

lllllllllllllllllllllllllllllllllllllllllllllllllllllllll

lllllllllllllllllllllllllllllllllllllllllllllllllllllllll

Elgenvalues, Eigenvectors, and Correlation .............................

Eigenvalues and Eigenvectors .........coooviviiiiiiiiiiiiiinnn,
2.1.1  Orthonormal Matrices ............cocoiiiiiiiiiiiiiia...
2.1.2  The Eigendecomposition (ED) of a Square

Symmetric Matrix .. ..o,
2.1.3  Conventional Notation on Eigenvalue Indexing...........
2.1.4  The Eigendecomposition in Relation to the

Rundamental Matrix SUDSPACES : « : wewss s 2 cawins 5 4 v sumoinn s 45
Bovaniance and Covariance Matrices. .....covveineiierniiierensnenns
22.1  Covarlance MatriCes .......ovviiiiiiiieiniiiiiiieieeann,
Covariance Matrices of Stationary Time Series ....................

O AR = NHITE oo 5 5mom & £ Ssniom § § GH0.8 § § GURIENS § § SURIENS ¥ § LERTA 3 §

X1



X11

Contents

2.5  Principal Component Analysis (PCA) .......coooviiiiiiiieiinn... 46
2.5.1  Implementation of the PCA Method....................... o 95

2.5.2  Properties of the PCA Representation ..................... 53

2.6  Examples of PCA AnalysiS ........oovviiiiiiiiiiiiiineiiiinnnnnnnn, 3
2.6.1  Compression of a Low-Pass Random Process ............ h

22  EXaniple: Denoisig SIEHals vouewes s 5 vosman 1 sonssns § » oo 57

2.6.3  Example: Classification Using PCA Coefficients......... 60

2.6.4 A Critique of PCA vs. Wavelet Analysis.................. 63

2.7 MatriX NOTmS. ..o e e, 64
APPCNAIX ottt s 66
Differentiation of a Quadratic Form ..........oovvvivieinininnnn.s, 66
Problems ..o 67
R ETENCES . ..ttt s 69
The Singular Value Decomposition (SVD) ..................oovvvvnnn. 71
3.1  Developmentofthe SVD ... 71
3.1.1  Partitioning the SVD ... i

3.1.2  Relationship Between SVD andED ....................... 74

- 3.1.3  Properties and Interpretations of the SVD ................ 75

3.2 Orthogonal Projections............ovviiiiiiiiiiiiiiniiineieeiaennn.. 80
3.2.1  The Orthogonal Complement Projector ................... 82

3.2.2  Orthogonal Projections and the SVD...... SR ¥ § S § 83

3.3 An Approximation Theorem [1]......ccoviriiriiiiiinieinnnnn.. 83
PRI IO 5655 § 6 sciiornonn » » smmniors 2.2 acmronsnn s rovsmsmme » » o scooapernen » » FimvmERE & K A uTCAZES 5 4 4 87
Alternative Proof of the SVD (from [1]) ..ovvvioviniee i, 87
Problems ... e, 89
REICTBICEE cooiss 5 5 ssins 4 5 6 S5 § 5 FlSiins 5 § SEEEEES » o weossmms & seckmsrons  Somsson a > s v 90
The Quadratic Form ...............o i, 91
4.1  The Quadratic Form and Positive Definiteness ..................... 91
4.2  The Locus of Points {z|z/ Az =1} eeeeiveeiiie i 93
4.3  The Gaussian Multivariate Probability Density Function .......... 03
4.4  The Rayleigh Quotient ......... e aee e e e s e s 8 s 8 s 98
4.5  Methods for Computing a Single Eigenpair ..............ccooo.... 99
4.5.1  The Rayleigh Quotient Method ............................ 99

4.5.2 ThePowerMethod .........coooviiiiiiiiiiiiie i, 99

A PPCNAIX ettt 101
Alternate Differentiation of the Quadratic Form.................... 101
PUOBIEINE wup 5y 5 cowmues § 8 0S50 § 5 UREERS § ¥ EEEHAA § § SRR § § bciiioh x a » sommsosrm s » s 103
IRBTETBNCOE 5 ¢ ¢ 5 55504 5 ¢ coninminn » mmnowsn » » wmmcusm s » » virmm 5 x  SovmE 3 & EVAES & & Y 104
Gaussian Elimination and Associated Numerical Issues ............... 105
5.1  Floating Point Arithmetic Systems ...........ovveiviineenennnn.. 105
3.l Machine Bpsilon. 2. . i i o commens o s osvmns 5 s & 5 seosacas 106

5.1.2  Absolute Value Notation .............covvvviinieniinnnnn... 108

5.1.3  Catastrophic Cancellation ............ccovviiiiiinniinin... 108



Contents X111
5.2  Gaussian Ellmination ...t 110
5.2.1  What About the Accuracy of Back Substitution? ......... 111
5.2.2  The LU DeCOmMPOSIION . ....oeennnenreeeeeeeeeanannnnnn, 112
Deded  AUSSIAN BIIMINATION coumii v sommns 05 savmnin s & sianbs 5 § & maies 113
5.2.4  Recovery of the LU Factors from Gaussian
EHMINAtON. ... ov e 116
5.3  Numerical Properties of Gaussian Elimination ..................... 120
Sod: b PIVORIE 5s s s namiion ¢  cowmms s § 7 pamsins £ Lo5ans 1 § § L0050 § § G 122
5.3.2  The Cholesky Decomposition [2].......ccvoviviininn... 123
5.3.3  Application of the Cholesky Decomposition.............. 126
34  Lhe ety Gl LIfCar SYSIEIIS » » yewauns s 5 savwsws ¢ 3 paswmss s & semnes 127
5.4.1  Derivation of Condition Number .......................... 128
5.5  The Interlacing Theorem and Condition Numbers [2] ............. 133
APPENAIX ..ttt e 134
Alternate Derivation of Condition Number ......................... 134
Condition Number and Power Spectral Density .................... 136
Problems ..o e 138
R T ENCES .. et e, 139
h The QR DecomPOSION . ;v ovnvsisovmmmsi i v ooans & 5 La559s 5§ § 540868 § 1 § EEREEE 141
6.1  Overview of the QR Decomposition ............covvvvviiiiinninn.n.. 141
6.2  Classical Gram—Schmidt (CGS) ..o, 142
0.2.1 Modified G-S Method for QR Decomposition............ 144
b3 Houscholder TransSTOrMations sussx s o & 5 sewmes § § LEGEees & & aissns 3 146
6.3.1  Description of the Householder Algorithm................ 146
6.3.2  Example of Householder Elimination ..................... 149
6.3.3  Selective Elimination [1] ......oovviriiiiiiniiinnnns. 150
6.3.4  Householder Numerical Properties [1] .................... 150
6.4  The QR Method for Computing the Eigendecomposition.......... 151
6.4.1 Enhancements to the QR Method.......................... 153
6.5 The Rank-Deficient QR Decomposition ................cocovvninen. 185
IPDONAICER ssvns s & nownns s 3 ¢ wmssidg & & oLt 14 83 JEBE 3§ LSREAGE § § GAATEE T B Gmaied 2 158
GIVENS ROLALIONS ...\ttt et 158
“Fast” Givens Method for QR Decomposition ...........ccocvvviiiininn... 161
VOO L ORI commn o 5 8 sowows & 5 avsmo & § SUNess § § RUEEHE § £ SHUREH § § LBl 164
PIODICING: & oo s 4 ¢ samosns 1 5 & 4amied 5 & 50000 § ¥ DEad & § 5 BEuRhA § § £ il o » uommes s 164
R I CNCES . . e 166
7  Linear Least Squares Estimation ............................oiiiiia.... 167
1.1  Examples of Least Squares ANALYSIS oo vovionis cavmnss s 55 eamuns o3 167
7.1.1  Example 1: An Equaliser in a Communications
N 25 153 1 ¢ 168
7.1.2  Example 2: Autoregressive Modelllng [11] oo, 170
7.1.3  Example 3: Hurricane Prediction Using Machine
L earnNINg . .. e, LD
7.2  The Linear Least Squares Model ..............cooiiiiiiiiiiiiiin... 174



X1V

Contents
T3 The Linear Least Stuares SOWION « vovws s v s asenss & « s 5 4 5 sowms « 3 176
7.3.1  Interpretation of the Normal Equations.................... 178
7.4  Properties of the LS Estimate .............coviiiiiiiiiiiiiiin... 181
74.1 PBrsIsan Unblased Estimate of B, the True
b 2115 — 3 % ¥ B § § LSRR § 6 ARG § § BN § 5 ¥ DERRRA S 182
7.4.2  Covarlance Matrix Of B8 ..vvvvviiiiiiiiiiiiiiiiinnnnn, 183
7.4.3  Variance of a Predicted Valueof y.................ooooin. 184
7.5  Least Squares Estimation from a Probabilistic Approach........... 186
7.3.1  BrslsaBLUE (The Gauss—Markov Theorem) ........... 189
7.5.2  Least Squares Estimation and the Cramer—Rao
Lower Bound ................ e T 191
7.5.3  Least Squares Estimation and the CRLB for
Gaussian Coloured INOISE : cuwins s s sssmss s s sammnn s s § sesme i i 193
7.6 Simulation Examples. ... 194
7.7 Designof X.......ooooiiiiiiiiiiL. Rty 4 § s ) ettt Syl b s 198
7.8  Algebraic Constructs Related to Whitening......................... 201
7.8.1  Mabalanobis DISIaNCE .o s i comiae b § b & 5 & Eaibis § § fossonh & 3 202
7.8.2  Generalised Eigenvalues and Eigenvectors................ 203
7.9  Solving Least Squares Using the QR Decomposition .............. 206
710 Adaptive Filters: The LNMS AlSOFIRM cas v s comsvs s s e manns s 5 commns s 5 208
7.10.1 The Normalised LMS Adaptive Filter ..................... 214
7.10.2 Computational Complexity of Adaptive Filtering
Algorithms .. ... 215
1103 SUNUIATIONS vouins s v conssms s § 265055 § § £wvaces s & § GUaeys § § Soawss 3 5 216
T 11 ProbIBImIS .. . . o oocrin s o commimns o x commncn =+ sunciimnn 2 2 s osmmimr = § = sosvsisaibch o o somdindhis 220
References........... s e e 223
The Rank-Deficient Least Squares Problem............................. . Phs
8.1 Ihe PsevdD-IPVerse . coees s s sseens 5 emins b 5 0o § § 600585 § 6 GAGHES 5 § 223
3.2  Interpretation of the Pseudo-Inverse...............oooiiiiiiiiintt. 228
8.2.1  Geometrical Interpretation ..........ccoovviviiiiinn.... 228
8.2.2  Relationship of the Pseudo-Inverse Solution to
the Normal EqUBTIONS .. o e s 55 e § § Giiiss § § 00655 3 229
8.2.3  The Pseudo-Inverse as a Generalised Linear
System SOIVer......ooiiiii e 230
8.3  The Pseudo-Inverse (PCA) Approach for Solving Poorly
Conthiioned ProbleIns: . « & cosmes §  vniess 5§ Soiaks § » Giinds § § SLa053 5 230
8.4  The Rank-Deficient LS Problem Using the QR Decomposition ... 235
8.5  Latent Variable Methods ... 238
8.6  Principal Component Analysis Applied to Poorly
Condiftoned LS ProbIems. . i ...ce s » s 55 6 comacs § 8 eoned § § 5 namins s 239
8.7  Partial Least Squares (PLS) and Canonical Correlation
PRI 1€ AN e » pvsovses 5 3 vy & & 08ies § 7 § ol § gy @ @ prumpes 3 241
8:8  DIMulation EXampPle. s owes s s noves v 5 nomwos o 5 ¢ suwmmn 5 8 455855 5 § § pemes ; 2477

7N 0] 0153 5 10 & . G 251



Contents XV

PrObIemMIS .o 252
R CIENCES . . et 293
B ReOUIATISAUIONE: & 2o s 5 2 ivwnes o 5 ovmens 4 § 0550055 § 8 65008 5 § E0hes § 5 ¥ Haalhs 13 i 2355
0.1  Ridge Regression .......oo.viiniiiii i 239
9.2  Regularisation Using a Smoothness Penalty ........................ 258
9.3  Sparsity Regularisation .......... 5 BaEAE # 1 SR ¥ & O 5§ E R B 4 B 260
PIODICINE s o6 0050000 3§ $500050 % » § fdletions » 5 5 sssmcssos 2 2 ssmsmtases o sosoms I D 264
R N C S . ottt s, 265
10 Toeplitz SyStems .........cooiiiiiiiiii i e, 267
10:.F  ToepltZE SYMEME (3] ss s samomnis s msmss s s snsss T Ty 267
10.2  Autoregressive ProCesses ...vvviiiiiiii it cieiieeienene, 267
10.2.1 The Forward and Backward Prediction Error
BQUAtIONS . . ..ottt ettt et 270
k5 Toephtz PactOriSatIONS. .« vouris s s o samen s 5 £005me5 § § 0aB@ns § & § L0055 5 5 £ ke 280
Problems ... ool 283
R TN S .. e 284
A Review of Linear System Theory ....................oooiiiiiiiiiiin... 285
A.1  The Fourier Transform ..., 285
A.1.1 Examples of Some Selected Fourier Transform Pairs .... 287
A.l.2 Properues-of the Douner TrANSIOML o » « sowvss 5 s vowmsns & s sus 292
A.1.3  Application of the Duality Property to Properties
1217 ADOVE ..o 295
A.2  Discretisation in Time and Frequency............ccovvvviiinninn.... 296
A.2.1 Discretisation in Time and the Nyquist Condition ........ 2917
A.2.2  The Discrete-Time Fourier Transform (DTFT) ........... 298
A.2.3 The Discrete Fourler Transform (DFT).................... 301
A3 Digital FIlters . ....oooiii 303
A.3.1  Solving the Difference Equation Using the
Z-Transtorm ... ... e 308
A.3.2 The Infinite Impulse Response (IIR) Digital Filter ....... 309
A.3.3  Finite Impulse Response (FIR) Digital Filters ............ 313
BRCICTEN0CE oo v 5 connis ; § TR § % § VAN ¥ § REAGE 8 5§ DREHRS § ¥ RaHA | § § SRS § £ L 316



